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FLOER HOMOLOGIES, WITH APPLICATIONS
ALBERTO ABBONDANDOLO AND FELIX SCHLENK
Abstract. Floer invented his theory in the mid eighties in order to prove the Arnol’d
conjectures on the number of fixed point of Hamiltonian diffeomorphisms and Lagrangian
intersections. Over the last thirty years, many versions of Floer homology have been
constructed. In symplectic and contact dynamics and geometry they have become a prin-
cipal tool, with applications that go far beyond the Arnol’d conjectures: The proof of
the Conley conjecture and of many instances of the Weinstein conjecture, rigidity results
on Lagrangian submanifolds and on the group of symplectomorphisms, lower bounds for
the topological entropy of Reeb flows and obstructions to symplectic embeddings are just
some of the applications of Floer’s seminal ideas. Other Floer homologies are of topolog-
ical nature. Among their applications are Property P for knots and the construction of
compact topological manifolds of dimension greater than five that are not triangulisable.
This is by no means a comprehensive survey on the presently known Floer homologies
and their applications. Such a survey would take several hundred pages. We just describe
some of the most classical versions and applications, together with the results that we know
or like best. The text is written for non-specialists and the focus is on ideas rather than
generality. Two intermediate sections recall basic notions and concepts from symplectic
dynamics and geometry.
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1. Introduction
In classical Morse theory, the structure of a smooth manifold M is related to the critical
points of any Morse function f on M . The manifold M can be successively reconstructed
by attaching for each critical point x a handle whose dimension is the Morse index of x.
Another approach to Morse theory is Morse homology. Here, one chooses a Riemannian
metric on M and recovers the homology of M by looking at the critical points of a Morse
function f and at the flow lines of −∇f connecting critical points of index difference one.
While the first approach can be used in several infinite dimensional situations, such
as the energy functional on the loop space, it fails when the functional in question has
FLOER HOMOLOGIES 3
only critical points of infinite index. In some important situations however, after suitable
renormalisation of the index, the index difference between any two critical points is still
finite. One can then try to build a Morse homology. Such a homology is called a Floer
homology.
Floer built such homologies in two situations: For the action functional of classical
mechanics on the space of curves on a symplectic manifold and for the Chern–Simons
functional on the space of SU(2) connections on a 3-dimensional oriented integral homology
sphere Y . The first theory is called Hamiltonian or Lagrangian Floer homology - depending
on whether one considers closed or open curves - and proves at once important cases of
Arnol’d’s conjectures on the number of fixed points of Hamiltonian diffeomorphisms and
of Lagrangian intersection points. The second one, called instanton homology, refines a
topological invariant: Its Euler characteristic is twice the Casson invariant of Y , namely
the number of conjugacy classes of representations π1(Y ) → SU(2). By now, many other
Floer homologies have been constructed, both of symplectic and of topological nature, and
they have many more applications to dynamics and geometry.
Our survey starts with a discussion of Morse homology on a finite dimensional compact
manifold, since this homology is the model for every Floer homology. All features of Morse
homology have a counterpart in every Floer homology, and the first thing one should do
if one wants to check if a Floer homology has a certain property is to see if this property
holds for Morse homology. In Section 4 we then describe in some detail the arguably
easiest version of Floer homology, namely Hamiltonian Floer homology for symplectically
aspherical closed symplectic manifolds. Many aspects and technical issues of other Floer
homologies are analogous, so that in our subsequent discussion of other Floer homologies
we can give less details on the construction and focus on their applications.
Symplectic homology (Section 6) is an invariant of suitable subsets of a symplectic
manifold. It leads to a proof of the Weinstein conjecture on the existence of a closed
Hamiltonian orbit on an energy surface, and it provides obstructions to the existence of
Lagrangian submanifolds and of certain symplectic embeddings. Lagrangian Floer ho-
mology (Section 7) gives lower bounds on the number of intersections of certain pairs of
Lagrangian submanifolds and can be used to prove that for many contact manifolds all
Reeb flows must have positive topological entropy. Finally, in Section 8 we describe two
Floer homologies for contact manifolds. Contact homology can be used to distinguish
contact structures on compact contact manifolds. Embedded contact homology, that is de-
fined for three-dimensional compact contact manifolds, can be used to prove the Weinstein
conjecture in dimension three, and it gives rise to numerical invariants that yield very fine
symplectic embedding obstructions in dimension four and imply the C∞ closing lemma for
Hamiltonian diffeomorphisms on surfaces.
These are all “symplectic” Floer homologies and applications to symplectic and contact
dynamics and geometry. Other Floer homologies have applications to the structure of
manifolds, like Property P for knots, the question which compact 3-manifolds can be
obtained by Dehn surgery of S3 on which knot, and the existence of topological manifolds
of dimension > 5 that admit no triangulation. Given Manolescu’s excellent survey [132],
we just state a few of these results in Section 9.
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2. From Morse theory to Morse homology
2.1. Classical Morse Theory. Consider a smooth closed (that is, compact and without
boundary) manifold M of dimension d. Given a smooth function f : M → R let
Crit f = {x ∈M | df(x) = 0}
be the set of its critical points. The function f is called Morse if every x in Crit f is
non-degenerate, meaning that the second differential of f at x is a non-degenerate bilinear
form. By the Morse Lemma, this is equivalent to say that there is a chart ϕ near x such
that
(2.1) f ◦ ϕ−1(y1, . . . , yd) = f(x)− (y
2
1 + · · ·+ y
2
k) + (y
2
k+1 + · · ·+ y
2
d).
The number k in this expression does not depend on the chart and coincides with the
number of negative eigenvalues of the self adjoint endomorphism of TxM representing the
second differential of f at x with respect to some inner product. It is called the Morse
index of f at x, and we denote it by indf(x). The normal form (2.1) (or the inverse
mapping theorem applied to df) shows that non-degenerate critical points are isolated. In
particular, the critical set Crit f of a Morse function on a closed manifold is finite.
Denote by ck(f) the number of critical points of f with Morse index k and by bk(M) the
k-th Betti number of M , that is, the rank of the k-th homology group Hk(M). Here H∗
denotes singular homology with integer coefficients. Morse theory relates the critical set
of f to the topology of M by the following relationship between the non-negative integers
ck(f) and bk(M):
Theorem 2.1. For any Morse function f on the closed manifold M there exists a polyno-
mial Q with non-negative integer coefficients such that
(2.2)
d∑
k=0
ck(f) z
k =
d∑
k=0
bk(M) z
k + (1 + z)Q(z).
In particular, ck(f) > bk(M) for every k.
This theorem is proved by analyzing the change of topology of the sublevel sets {x ∈M |
f(x) 6 a} when a crosses a critical level and by using elementary properties of singular
homology.
An alternative equivalent way to state the above theorem is as follows. Let
CMk(f) ∼= Z
ck(f)
be the free Abelian group generated by the critical points of f with Morse index k and set
C−1(f) := {0}. Then there is a sequence of homomorphisms
∂k : CMk(f)→ CMk−1(f), k > 0,
FLOER HOMOLOGIES 5
such that ∂k ◦ ∂k+1 = 0 and
ker ∂k
im ∂k+1
∼= Hk(M)
for every k > 0. In other words, the Abelian groups CMk(f) are the spaces of a chain
complex whose homology gives the singular homology of M . Going from one formula-
tion to the other is a simple exercise in homological algebra, but the latter formulation
looks intriguing and raises the following interesting questions: What is the meaning of the
boundary operators ∂k? Do they have a direct definition?
2.2. The Morse complex. It turns out that it is possible to define “natural” boundary
operators ∂k satisfying the above requirements by choosing a Morse–Smale negative gra-
dient flow for f , as we now explain. Fix a Riemannian metric g on M . The gradient ∇f
of f with respect to g is the vector field on M which is g-dual to df :
gx(∇f(x), v) = df(x)[v], x ∈M, v ∈ TxM.
The negative gradient flow of f is the flow φs of the vector field −∇f ; its orbits are the
solutions of the ordinary differential equation
u˙(s) = −∇f(u(s)), s ∈ R.
The critical points of f are the stationary points of this flow, and f strictly decreases on
every non-stationary orbit thanks to the identity
d
ds
f(u(s)) = −‖∇f(u(s))‖2u(s),
which holds for every orbit u(s) = φs(x). Here ‖·‖x denotes the norm induced by the scalar
product gx on TxM . The Morse condition guarantees that all the stationary points of the
negative gradient flow are hyperbolic, meaning that the linearisation of the vector field
at them has no purely imaginary eigenvalues, and this in turn implies that each critical
point x of f has a well-defined stable and unstable manifold:
W s(x) :=
{
z ∈M | lim
s→+∞
φs(z) = x
}
, W u(x) :=
{
z ∈ M | lim
s→−∞
φs(z) = x
}
.
These are smoothly embedded copies of Rd−k and Rk, respectively, where k is the Morse
index of x. The flow of −∇f is said to satisfy the Morse–Smale condition when the stable
and unstable manifolds of any two critical points intersect transversally. Recall that two
submanifolds S1, S2 of M are said to intersect transversally if TzS1 + TzS2 = TzM for
every z ∈ S1 ∩ S2. In this case, S1 ∩ S2 is either empty or is a submanifold of dimension
dimS1 + dimS2 − d. Since the non-empty intersection of the unstable and the stable
manifold of two distinct critical points is at least 1-dimensional (because it contains non
constant orbits), the Morse–Smale condition implies that W u(x) ∩W s(y) is empty when
indf (x) 6 indf (y) and x 6= y.
It can be proved that for a generic choice of the Riemannian metric g the flow of −∇f is
Morse–Smale. A Morse–Smale negative gradient flow for f induces a nice cellular filtration
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of M , whose associated boundary operators are the homomorphisms ∂k we are looking for.
Recall that a (finite) cellular filtration of a topological space M is a family of open subsets
∅ = U−1 ⊂ U0 ⊂ · · · ⊂ Ud−1 ⊂ Ud = M
such that for every k the homology of the pair (Uk, Uk−1) is concentrated in degree k. In
this case, the groups
Wk := Hk(Uk, Uk−1)
are the spaces of a chain complex
∂k : Wk → Wk−1
where the homomorphism ∂k is the composition of the singular boundary operator
Hk(Uk, Uk−1)→ Hk−1(Uk−1)
with the homomorphism
Hk−1(Uk−1)→ Hk−1(Uk−1, Uk−2)
induced by inclusion. It is a standard fact in homology theory that ∂k ◦ ∂k+1 = 0 and that
the homology of the chain complex {Wk, ∂k} is isomorphic to the singular homology of M .
The Morse–Smale negative gradient flow φs of (f, g) induces a cellular filtration {Uk}
of M , in which Uk is the forward evolution by the flow of the union of suitable small
neighbourhoods of all critical points of f with Morse index not exceeding k. One easily
sees that Uk is obtained from Uk−1 by attaching the k-handles which are given by thickening
the unstable manifolds of the critical points of index k, and therefore Hk(Uk, Uk−1) has one
free generator for every such handle and is hence isomorphic to CMk(f). Checking these
properties uses the fact that, by the Morse–Smale condition, no negative gradient flow
lines go from a critical point of index k to another one of index k or larger. The boundary
operators of this cellular filtration can now be seen as homomorphisms
∂k : CMk(f)→ CMk−1(f),
and the chain complex {CMk(f), ∂k} is called the Morse complex of the pair (f, g). Indeed,
the groups CMk(f) do not depend on the generic metric g, but the boundary operators ∂k
do. The homology of this chain complex is called the Morse homology of f and is denoted
by
HMk(f) :=
ker ∂k
im ∂k+1
.
The fact that this homology is isomorphic to the singular homology of M gives an alterna-
tive proof of Theorem 2.1. This fact also shows that the Morse homology is independent
of the metric g, which is the reason why the metric does not appear in the notation. It
is actually also independent of the Morse function f , but it is customary to keep f in the
notation, for instance because in the case of a non-compact finite dimensional manifold M
and of a Morse function f on M satisfying suitable asymptotic conditions, an analogous
construction would give a Morse homology which depends on the asymptotic behaviour
of f . A better reason is given at the end of this section.
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2.3. A closer look at the boundary operator. Although the definition that we have
given is topological, the boundary operator ∂k can also be read directly from the dynamics
of the negative gradient flow of f by looking at the intersections of stable and unstable
manifolds, in a way which we now explain.
We start by fixing an orientation of the unstable manifold of each critical point. This
induces a co-orientation (that is, an orientation of the normal bundle) of the stable manifold
of each critical point. By the Morse–Smale condition, for every pair of distinct critical
points x and y the set
M̂f,g(x, y) := W
u(x) ∩W s(y),
when non-empty, is a smooth submanifold of dimension indf (x) − indf(y). Being the
transverse intersection of an oriented and a co-oriented submanifold, this submanifold is
oriented. Moreover, it is invariant under the action of R given by the negative gradient
flow, and we denote by Mf,g(x, y) its quotient by this action. Therefore, Mf,g(x, y) is the
set of unparametrized negative gradient flow lines going from x to y. It has the structure
of an oriented manifold of dimension
dimMf,g(x, y) = indf(x)− indf(y)− 1.
In general, the set M̂f,g(x, y) is not closed inM\Crit f , and its closure in this space contains
points which belong to the unstable manifold of some critical point x′ with indf(x
′) 6
indf (x) (with equality iff x
′ = x) and to the stable manifold of some critical point y′ with
indf (y
′) > indf(y) (with equality iff y
′ = y). It follows that the manifolds Mf,g(x, y)
are in general not compact, but can be compactified by attaching suitable components of
Mf,g(x
′, y′) for some critical points x′ and y′ with
indf(y) 6 indf (y
′) < indf(x
′) 6 indf(x),
where the first (resp. last) inequality is an equality iff y′ = y (resp. x′ = x), see Figure 2.1.
PSfrag replacements
x
x′
y
y′
Figure 2.1. Breaking
In the special case
indf(x)− indf (y) = 1,
there are no critical points with intermediate Morse index which can appear in the com-
pactification, and hence Mf,g(x, y) is compact. Being a zero-dimensional manifold, it is
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a finite set, and being oriented, each of its finitely many elements is endowed with a co-
efficient ±1. The algebraic sum of these coefficients defines an integer ν(x, y). It can be
proved that the boundary operator ∂k which is associated to the cellular filtration induced
by the negative gradient flow of f has the form
(2.3) ∂k x =
∑
y∈Crit f
indf (y)=k−1
ν(x, y) y ∀x ∈ Crit f, indf(x) = k.
This neat formula has some far reaching consequences, which are the subject of this survey.
But before discussing them, let us look at this formula in action in some simple examples.
In order to avoid having to consider orientations, we replace the coefficient ring Z by
the field Z2: This means that CMk(f) is the Z2-vector space Z
ck(f)
2 and, when indf(x) −
indf (y) = 1, the number ν(x, y) ∈ Z2 is just the parity of the finite set Mf,g(x, y). In this
case, HMk(f) is isomorphic to the singular homology of M with Z2 coefficients.
Example 2.2. We consider three Morse functions on the sphere S2, namely the height
function on the round sphere, on the smooth heart, and on the duckling, as in Figure 2.2.
The Riemannian metric g is the one induced from the ambient Euclidean space. Critical
points of index two (local maxima), of index one (saddles), and of index zero (local minima)
are denoted by ai, bi, and ci, respectively. The corresponding negative gradient flows are
Morse–Smale.
PSfrag replacements
fi
(1) round sphere (2) smooth heart (3) duckling
a2
a
b
c c
a1a1
a2
a2
b2 b1c1
c2
Figure 2.2. Three Morse–Smale gradient flows on the 2-sphere
For the round sphere, the moduli space Mf1,g(a, c) can be identified with the equatorial
circle, consisting of the set of meridians. In this case, the Morse complex has one generator
in degree zero and one generator in degree two. Since there are no pairs of critical points
with index difference 1, the boundary operator vanishes identically, and hence the Morse
homology is isomorphic to the Morse complex. From this, we recover the familiar fact that
the singular homology of the 2-sphere is concentrated in degrees 0 and 2, in both of which
it is 1-dimensional.
For the smooth heart, Mf2,g(a1, b) and Mf2,g(a2, b) are singletons, while Mf2,g(b, c)
consists of two points; moreover, Mf2,g(a1, c) and Mf2,g(a2, c) are open intervals. The
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boundary operator is given by
∂a1 = ∂a2 = b, ∂b = c+ c = 0, ∂c = 0,
and we find
HM2(f2) = Z2〈a1 + a2〉 ∼= Z2, HM1(f2) = Z2〈b〉/Z2〈b〉 = 0, HM0(f2) = Z2〈b〉 ∼= Z2
which again agrees with the singular homology of the 2-sphere with Z2 coefficients. If
we were using integer coefficients, a closer look at the orientations would show that ∂b =
c− c = 0.
For the duckling we have
∂a1 = ∂a2 = b1, ∂b1 = 0, ∂b2 = c1 + c2, ∂c1 = ∂c2 = 0,
which again defines a chain complex whose homology is isomorphic to H∗(S
2).
Example 2.3. Consider the straight torus of revolution as on the left of Figure 2.3. The
height function f is again a Morse function, having a critical point a of index 2, two critical
points b1 and b2 of index 1, and a critical point c of index 0. The gradient flow of f with
respect to the metric induced by the ambient Euclidean space is not Morse–Smale, because
the unstable manifold of the upper saddle b1 overlaps with the stable manifold of the lower
one b2, while the Morse–Smale condition forbids the intersection of unstable and stable
manifolds of distinct critical points with the same Morse index. However, if we apply a
small perturbation, for instance by tilting the torus a bit, both branches of the unstable
manifold of b1 will converge to c and both branches of the stable manifold of b2 will converge
to a. Then the boundary operator is given by
∂a = b1 + b1 + b2 + b2 = 0, ∂b1 = ∂b2 = c+ c = 0, ∂c = 0.
The vanishing of the boundary operator implies that the Morse homology of the function f
is isomorphic to its Morse complex, that is
HM0(f) ∼= Z2, HM1(f) ∼= Z2 ⊕ Z2, HM1(f) ∼= Z2,
which is precisely the singular homology of the 2-torus with Z2 coefficients.
2.4. Changing the point of view. After these examples, we start discussing the new
possibilities which are opened by formula (2.3). We have deduced this formula starting
from the boundary operator in cellular homology, but we could change the point of view
and, applying a strategy which is ubiquitous in mathematics, see it as the definition of a
homomorphism from CMk(f) to CMk−1(f). Indeed, this formula involves only the data
given by a Morse–Smale gradient flow of f and requires no prior knowledge of singular or
cellular homology.
If we adopt this point of view, the first question we should ask ourselves is why the
boundary property
∂k ◦ ∂k+1 = 0
holds. Indeed, this is by no means obvious from (2.3): Let x and z be critical points of f
of Morse index k + 1 and k − 1, respectively. The coefficient of z in the expression for
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PSfrag replacements
aa
b1b1
b2b2
ccu
Figure 2.3. The torus of revolution, straight and after a perturbation
∂k ◦ ∂k+1 x given by a double application of (2.3) is the number∑
y∈Crit f
indf (y)=k
ν(x, y) ν(y, z),
which is the algebraic count of the pairs (u, v) in the set
(2.4)
⋃
y∈Crit f
indf (y)=k
Mf,g(x, y)×Mf,g(y, z).
Why is this number zero?
This follows from a cobordism argument. Indeed, each element of the above set is a
pair (u, v) of consecutive gradient flow lines – the first from x to some critical point y and
the second from y to z – and it is possible to prove that there exists a unique 1-parameter
family of gradient flow lines inM(x, z) which converges to the “broken gradient line” u#v.
In other words, the set (2.4) is precisely the set of boundary points of the one-dimensional
manifold Mf,g(x, y), see Figure 2.4 or one of the two halves of the smooth heart in Fig-
ure 2.2. Since compact 1-dimensional manifolds have an even number of boundary points,
this shows that the coefficient of ∂k ◦ ∂k+1 x is zero when we work over Z2. Working over
the integers requires checking that the two pairs (u, v) and (u′, v′) appearing as boundary
points of a component of Mf,g(x, z) contribute with different signs to the above sum.
This shows that the choice of a Morse function f and of a Morse–Smale gradient flow
for it induces, via formula (2.3), the sequence of homology groups HMk(f) of the Morse
complex {CMk(f), ∂k}. These groups agree with the previously defined Morse homology
of f . It is actually possible to complete this construction to a full homology theory on the
category of smooth compact manifolds and smooth maps between them which satisfies the
Eilenberg–Steenrod axioms. For instance, a smooth map
ϕ : M1 → M2
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PSfrag replacements x
yy′
z
uu′
vv′
Figure 2.4. ∂Mf,g(x, z) =
⋃
yMf,g(x, y)×Mf,g(y, z)
between closed smooth manifolds induces a homomorphism
ϕ∗ : HM∗(f1)→ HM∗(f2)
between the Morse homologies of Morse functions f1 : M1 → R and f2 : M2 → R, which is
defined by a formula similar to (2.3) which counts the intersections of W u(x;−∇f1) with
ϕ−1(W s(y;−∇f2)) for critical points x ∈ Crit f1 and y ∈ Crit f2 of the same Morse index.
Once this has been done, the fact that the Morse homology of a function f is isomorphic
to the singular homology of its domain M can also be deduced from the uniqueness of
homology theories satisfying the Eilenberg–Steenrod axioms.
Moreover, by looking at the positive (instead of the negative) gradient flow of a Morse
function one can define a Morse cohomology, and several constructions in algebraic topol-
ogy can be read within the Morse homology and cohomology setting. This is the case,
for instance, for Poincare´ duality, the Ku¨nneth formula, cup and cap products, Thom iso-
morphisms, umkehr maps and Steenrod squares, just to mention a few examples. This is
maybe not too surprising, since the homomorphism defined in (2.3) is the boundary oper-
ator of a cellular filtration, and all these algebraic topological constructions can be read
in cellular homology. But what we will see in the next sections is that a lot of this can
be extended also to an infinite dimensional setting, in which a formula analogous to (2.3)
will define a boundary operator which in general does not come from a cellular filtration,
or any other purely topological theory.
Historical notes and bibliography. Morse created his theory around 1930, see [146].
The bible for Morse theory is Milnor’s book [142] and other textbooks are [134, 150, 185].
The idea of Morse homology is essentially contained in Thom’s note [186] and in Milnor’s
book on the h-cobordism theorem [143], and it was then rediscovered several times, by
Smale [181], Witten [200], and Floer [72]. A vivid account of this history is given in
Bott’s [28]. A concise exposition of Morse homology can be found in [195]. Textbooks on
Morse homology are [25, 26], and [111, 171] present Morse homology with a perspective to
Floer homology. Already in the sixties, Palais [154] and Smale [179, 180] extended Morse
theory to functionals on infinite dimensional Hilbert manifolds having critical points with
finite Morse index. In this infinite dimensional theory, the compactness of the domain
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is replaced by a compactness assumption on the functional which is now known as the
Palais–Smale condition. A textbook on this version of infinite dimensional Morse theory
is [37]. The Morse homology approach works nicely also in this setting, see [1].
3. Basics on Hamiltonian dynamics and symplectic geometry, I
Before discussing the first and easiest instance of Floer homology, we need to describe
some notions from Hamiltonian dynamics and symplectic geometry that are used in the
subsequent sections.
Consider a particle of unit mass moving in Rn, subject to a potential force −∇Vt(q)
that may depend on time. Here, n may be large, since by “a particle” we may mean “k
particles in the plane R2 or in space R3”, and then n = 2k or n = 3k. According to
Newton’s law, the evolution curve q(t) of the particle satisfies the second order ordinary
differential equation on Rn
q¨(t) = −∇Vt(q(t)).
Rewrite this equation as the first order differential equation for the curve (q(t), p(t)) onR2n: q˙(t) = p(t),p˙(t) = −∇Vt(q(t)).
Introducing the function Ht(q, p) =
1
2
|p|2 + Vt(q) on R × R
2n, that represents the total
energy, this system, in turn, becomes
(3.1)

q˙(t) =
∂Ht
∂p
(q(t), p(t)),
p˙(t) = −
∂Ht
∂q
(q(t), p(t)).
The beautiful skew-symmetric form of this system leads to a geometric reformulation:
Define the constant differential 2-form ω0 on R
2n by
ω0 =
n∑
i=1
dpi ∧ dqi.
This 2-form is non-degenerate in the sense that ω0(u, v) = 0 for all v ∈ R
2n implies u = 0.
Hence with z = (q, p) ∈ R2n, the equation
ω0(XHt(z), ·) = −dHt(z)
defines a unique time-dependent vector field XHt on R
2n, and one easily sees that
XHt =
(
∂Ht
∂p
,−
∂Ht
∂q
)
.
Therefore, the flow of XHt yields the solution curves of (3.1).
Note that
XHt = −J0∇Ht,
FLOER HOMOLOGIES 13
where J0 ∼= i is the standard complex structure on R
2n ∼= Cn, (q, p) 7→ q + ip . This
suggests that complex structures may be relevant to Hamiltonian dynamics.
The above geometrisation of Hamilton’s equations (3.1) has the advantage that it readily
generalizes to manifolds: A symplectic manifold is a smooth manifold M endowed with a
non-degenerate closed differential 2-form ω. Again, non-degenerate means that ωx(u, v) = 0
for all v ∈ TxM implies u = 0, and closed means that the exterior derivative vanishes,
dω = 0. Given a smooth function H : R×M → R (the Hamiltonian function), the vector
field XHt is defined by ω(XHt, ·) = −dHt(·), and its flow φ
t
H is called the Hamiltonian flow
of H .
Examples. 1. Cotangent bundles. At least historically, the most important examples
of symplectic manifolds are cotangent bundles. Let Q be a smooth manifold and T ∗Q =⋃
q T
∗
qQ its cotangent bundle. Given local coordinates q = (q1, . . . , qn) on Q, an element
α ∈ T ∗qQ of this manifold can be written as α =
∑
i pi dqi for suitable real numbers pi. This
defines local coordinates (q, p) on T ∗Q. The Liouville form λcan :=
∑
i pi dqi on T
∗Q does
not depend on the choice of these coordinates. Its derivate ωcan =: dλcan is the canonical
symplectic form on T ∗Q. It agrees with ω0 if Q = R
n.
Fix a Riemannian metric g on Q, a function V : R×Q→ R and a 1-form α on Q. Then
the Hamiltonian system on (T ∗Q, ωcan) of the function
(3.2) Ht(q, p) =
1
2
‖p− α(q)‖2 + Vt(q)
describes the dynamics of a particle subject to the potential force −∇gVt (such as a gravi-
tational or electrostatic force) and to the force of the vector potential A that is g-dual to α
(such as a magnetic force). Here, ‖ · ‖ is the norm on T ∗Q which is dual to the norm on
TQ defined by the metric g. If V and α vanish, this system is the (co-)geodesic flow of the
Riemannian manifold (Q, g).
2. Any orientable surface endowed with an area-form is a symplectic manifold.
3. The product (M1 ×M2, ω1 ⊕ ω2) of symplectic manifolds (Mi, ωi) is symplectic. The
torus T2 × · · · ×T2 = T2n = R2n/Z2n with the symplectic structure induced by ω0 is an
important example.
4. All Ka¨hler manifolds are symplectic manifolds, but there are many smooth manifolds
that admit a symplectic form but no Ka¨hler form. ✸
The natural transformations of symplectic manifolds are symplectomorphisms, that
is, smooth diffeomorphisms ϕ : M1 → M2 such that
ϕ∗ω2 = ω1
where ω1 and ω2 are the symplectic structures on M1 and M2, respectively. On the one
hand, symplectomorphisms preserve the structure of Hamilton equations: Any symplecto-
morphism ϕ : (M1, ω1)→ (M2, ω2) maps the orbits of the Hamiltonian system onM1 which
is induced by the Hamiltonian H : R ×M1 → R to the orbits of the Hamiltonian system
on M2 which is induced by the Hamiltonian H ◦ (id× ϕ
−1) : R ×M2 → R. On the other
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hand, the flow of any (possibly time-dependent) Hamiltonian vector field XHt consists of
symplectomorphisms.
The symplectomorphisms ϕ : (M,ω)→ (M,ω) which can be obtained as time-one maps
of a time-dependent Hamiltonian vector field are called Hamiltonian diffeomorphisms.
Not all symplectomorphisms ϕ of (M,ω) are Hamiltonian: An obvious necessary condi-
tion is that ϕ should be isotopic to the identity map through a path ϕt, 0 6 t 6 1, of
symplectomorphisms. In this case, ϕ is Hamiltonian if and only if one can find such an
isotopy whose flux vanishes: The integral of ω over the “cylinder”
⋃
06t61 ϕ
t(C) vanishes
for every closed curve C in M . This integral depends only on the homology class of C.
On simply connected manifolds there is therefore no difference between Hamiltonian dif-
feomorphisms and symplectic diffeomorphisms that are isotopic to the identity through
symplectomorphisms.
As an example consider the cylinder T ∗S1. For τ ∈ R the translation ψτ (q, p) = (q, p+τ)
is symplectic, but Hamiltonian only if τ = 0. For a Hamiltonian diffeomorphism φH of
T ∗S1 the area of the region between φH(S
1) and S1 that lies over S1 must be equal to
the area of the region under S1, see Figure 3.1. Hence for a Hamiltonian diffeomorphism,
φH(S
1) and S1 intersect in at least two points.
PSfrag replacements
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φ(S1)
Figure 3.1. φ is Hamiltonian if and only if + = −
For historical and bibliographical notes to this section see the end of Section 5.
4. Hamiltonian Floer homology
4.1. The Hamiltonian Arnol’d conjecture. Consider a Hamiltonian function H : R×
M → R on a symplectic manifold (M,ω) with flow φtH . We would like to find “points that
are back at a prescribed time T”. Without loss of generality we assume that T = 1. We
thus look for x ∈M such that
φ1H(x) = x.
With the language introduced in the previous section: We are looking for fixed points
of a Hamiltonian diffeomorphism of M . We first observe that we may assume that the
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Hamiltonian Ht is 1-periodic in time: Choose a smooth function χ on [0, 1] such that
χ = 0 near 0 and χ = 1 near 1, and set Hχt (x) = χ
′(t)Hχ(t)(x). Then φ
t
Hχ = φ
χ(t)
H for
t ∈ [0, 1], and in particular φ1Hχ = φ
1
H . Since H
χ
t vanishes for t near 0 and 1, we can extend
Hχt to a function on T×M , where T = R/Z.
Therefore, looking for fixed points of a Hamiltonian diffeomorphism is equivalent to
looking for 1-periodic orbits of a Hamiltonian system defined by a Hamiltonian H : T ×
M → R. The search for periodic orbits is a very traditional topic in dynamical systems.
After stationary points, periodic orbits are the simplest invariant sets. In Hamiltonian
systems, that grew out of celestial mechanics, periodic orbits are particularly important,
since one would like to know “whether the moon comes back”.
On a non-compact symplectic manifold, Hamiltonian diffeomorphisms may have no fixed
points. For instance, the flow of H(q, p) = p on R2 moves all points to the right. We thus
assume that M is closed. If H does not depend on time, then the critical points of H
are stationary points, since there XH vanishes. If H is also Morse, Theorem 2.1 already
guarantees that the number of fixed points of φH is at least the sum of the Betti numbers
of M . In the sixties, Arnol’d conjectured that the same lower bound should hold for every
Hamiltonian diffeomorphism of a closed symplectic manifold with only non-degenerate
fixed points:
Hamiltonian Arnol’d conjecture 4.1. The number of fixed points of a non-degenerate
Hamiltonian diffeomorphism of a closed symplectic manifold (M,ω) is at least the sum of
the Betti numbers of M .
Here, a fixed point x of φH is said to be non-degenerate if the differential of φH at x
does not have 1 as an eigenvalue. By the inverse mapping theorem, non-degenerate fixed
points are isolated. And a Hamiltonian diffeomorphism is said to be non-degenerate if all
its fixed points are non-degenerate. Equivalently, its graph in M ×M is transverse to the
diagonal, that is, to the graph of the identity mapping.
Actually, Arnol’d’s original formulation of Conjecture 4.1 is stronger and gives as lower
bound the minimal number of critical points of a Morse function onM , but the homological
version stated above is commonly accepted as a more treatable statement. Notice that the
sum of the Betti numbers is usually much larger than the lower bound given by the Euler
characteristic ofM , which would hold for every diffeomorphism ofM isotopic to the identity
thanks to the Lefschetz fixed point theorem. For instance, a translation on the 2n-torus
T
2n has no fixed points, in accordance to the fact that the Euler characteristic of T2n
is zero, but Arnol’d’s conjecture requires a non-degenerate Hamiltonian diffeomorphism
on T2n to have at least 22n fixed points.
The first instance of Floer homology which we describe in this section was born in order
to give a positive answer to this conjecture.
The space and the function. The space of candidates for 1-periodic orbits of φtH is the
space C∞(T,M) of smooth loops in M . We look for a function on this space whose critical
points are the 1-periodic solutions of the Hamilton equation. For (M,ω) = (R2n, ω0), the
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action functional of classical mechanics
AH(x) =
∫
T
(
p(t) · q˙(t)−Ht(x(t))
)
dt, x(t) = (q(t), p(t)),
does the job. Similarly, if ω has a primitive 1-form, ω = dλ, we can take the function
(4.1) AH(x) =
∫
T
(
λ(x˙(t))−Ht(x(t))
)
dt.
But on a closed symplectic manifold, ω is certainly not exact, because the non-degeneracy
of ω implies that ωn is a volume form on M , whence [ω]n 6= 0 in the de Rham cohomology
H2n(M ;R), and so [ω] 6= 0 in H2(M ;R).
Notice that the first term in the latter function is the integral of the 1-form λ over the
closed curve x. When this closed curve bounds a disc, this integral coincides with the
integral of ω on this disc. This suggests that if we restrict the attention to the space of
contractible loops C∞contr(T,M), we still have a well-defined action functional, in which we
replace the integral of λ over x by the integral of ω over x˜(D), where x˜ : D → M is a
smooth map on the closed unit disc D ⊂ C such that x˜(e2πit) = x(t). In order to avoid
integrating over the possibly bad set x˜(D), a good way of writing the action functional is
then
(4.2) AH(x) =
∫
D
x˜∗ω −
∫
T
Ht(x(t)) dt, x ∈ C
∞
contr(T,M).
For this functional to be well-defined, we need that the integral of x˜∗ω does not depend on
the choice of the extension to the disc x˜. Two different extensions can be patched together
to form a map u : S2 →M , and what we need is that the integral of ω on it vanishes. This
is guaranteed by, and is actually equivalent to, the following assumption on the symplectic
manifold (M,ω):
Assumption 4.2. The cohomology class [ω] vanishes on the image of the second homotopy
group π2(M) in H2(M ;Z), or [ω]|π2(M) = 0 for short.
This assumption holds for the torus T2n, for all orientable surfaces of genus at least one,
and hence for products of these symplectic manifolds. It does not hold for the 2-sphere and
for the complex projective space. Throughout this section, we will make this assumption.
The tangent space to C∞contr(T,M) at a loop x can be thought of as the space of tangent
vector fields along x: An element of TxC
∞
contr(T,M) is a smooth map ξ : T → TM such
that ξ(t) ∈ Tx(t)M for all t ∈ T. The differential of AH at x can be computed to be
(4.3) dAH(x)[ξ] = −
∫
T
ω(x˙−XHt(x), ξ) dt,
and the non-degeneracy of ω shows that the critical points of AH are precisely the 1-
periodic orbits of XHt . It is not difficult to check that the elements in the kernel of the
second differential of AH at a critical point x are the 1-periodic vector fields ξ along x
which satisfy the linearisation of the Hamilton equation, that is, the vector fields of the
form
ξ(t) := dφtH(x(0)) ξ0
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where ξ0 ∈ Tx(0)M is an eigenvector of dφ
1
H(x(0)) with eigenvalue 1. Therefore, the fact
that all fixed points of φ1H are non-degenerate is equivalent to the fact that the Hamiltonian
action functional is Morse.
In order to understand the analytical properties of the functional AH , it is convenient to
rewrite it in the case (M,ω) = (R2n, ω0): In this case, ω0 is the differential of the 1-form
λ0(x)[v] =
1
2
ω0(x, v) = −
1
2
J0x · v and we obtain
AH(x) = −
1
2
∫
T
J0x · x˙ dt−
∫
T
Ht(x(t)) dt.
The identification (R2n, J0) ∼= (C
n, i) gives us the following Fourier series expansion for an
arbitrary smooth loop x : T→ R2n,
x(t) =
∑
k∈Z
e2πktJ0xˆk, xˆk ∈ R
2n,
and AH(x) takes the form
(4.4) AH(x) = −π
∑
k∈Z
k|xˆk|
2 −
∫
T
Ht(x(t)) dt.
Therefore, the leading term of this functional is a quadratic form which is positive definite
on the space of loops whose Fourier expansion involves only coefficients xˆk with k < 0 and is
negative definite on the space of loops whose Fourier expansion involves only coefficients xˆk
with k > 0. Both of these spaces are infinite dimensional. The second differential of AH
at x has the form
d2AH(x)[ξ, ξ] = −2π
∑
k∈Z
k|ξˆk|
2 −
∫
T
d2Ht(x)[ξ, ξ] dt
= −
∫
T
J0ξ · ξ˙ dt−
∫
T
d2Ht(x)[ξ, ξ] dt.
The second integral involves no derivatives of ξ, hence is a lower order term. It follows that
d2AH(x) is also positive definite on an infinite dimensional space and negative definite on an
infinite dimensional space. Therefore, all critical points ofAH have infinite Morse index and
co-index, so the classical extension of Morse theory to infinite dimensional Hilbert manifolds
does not give any information: passing a critical value would change the sublevels of AH
by the attachment of an infinite dimensional ball along its boundary, and since infinite
dimensional Hilbert balls are retractable onto their boundary, the homotopy type of the
sublevels never changes.
It is a general fact in nonlinear analysis that the “right” functional space for studying
a functional by topological methods is the space with the weakest topology on which this
functional is “regular”, for instance continuously differentiable. Indeed, regularity is needed
to have a negative gradient equation giving a well-posed ODE on the infinite dimensional
space; the choice of a finer topology keeps the regularity (and sometimes even improves
it), but usually causes the failure of an important compactness condition known as the
Palais–Smale condition. The leading term in (4.4) shows that in the case of (R2n, ω0) or
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of the torus (T2n, ω0), in which the action functional can again be expressed in terms of
the Fourier coefficients of the loops and has the same form, the “right” functional space is
the fractional Sobolev space H
1
2 . Indeed, the quantity
|xˆ0|
2 +
∑
k∈Z
|k||xˆk|
2
is the square of the H
1
2 norm of the map x : T → R2n. It is by using this function space,
together with suitable finite dimensional reductions in order to overcome the problem of the
infiniteness of the Morse indices, that Conley and Zehnder proved the Arnol’d conjecture
for the 2n-torus in 1983, see [52].
Besides for the infiniteness of the Morse indices, the study of the action functional on
loops in a more general symplectic manifold has the extra difficulty that loops of Sobolev
class H
1
2 taking values in a manifold do not form a Hilbert manifold. Indeed, in general the
space of Sobolev maps between manifolds has a good differentiable structure only when the
Sobolev space embeds into the space of continuous loops, and the Sobolev space H
1
2 (T)
does not have this property (the exponent 1
2
is critical for the embedding into the space of
continuous functions).
4.2. Floer’s idea. In the mid eighties, Floer came up with a new idea which solves both
difficulties at one stroke, and which we now wish to describe. The starting point is to
replace the H
1
2 -gradient of AH by the L
2-gradient. Since the functional is not even well-
defined in L2, this seems to be a hazardous move. However, if the L2 metric is chosen
properly, the resulting negative gradient equation turns out to be very nice.
In order to describe this metric, we need to introduce some further structure on (M,ω).
An almost complex structure J onM is a smooth collection of linear maps Jx : TxM → TxM
such that J2x = −id. Such a J is said to be compatible with ω if
(4.5) gJ(ξ, η) = ω(Jξ, η)
defines a Riemannian metric on M . The standard complex structure J0 on R
2n is compat-
ible with ω0, and gJ0 is the Euclidean inner product. A symplectic manifold (M,ω) always
admits ω-compatible almost complex structures. These form a contractible space.
Remark 4.3. We warn the reader that the usual convention for ω-compatibility has the
opposite sign: gJ(ξ, η) = ω(ξ, Jη). In the literature about Floer homology and the theories
originated from it, sign conventions differ from paper to paper. The reason is that in
this field three different sets of conventions come together: The convention that in Morse
theory, and more generally in the calculus of variations, one preferably works with negative
gradient flows; the sign conventions from classical mechanics, which require the symplectic
form to be dp ∧ dq, and not the opposite, and the Hamiltonian to appear with a negative
sign in the Hamiltonian action; the sign conventions from complex geometry, which require
the Riemannian structure g and the complex structure J on a Ka¨hler manifold to be related
by the identity g(ξ, η) = ω(ξ, Jη). If one adopts all these conventions, the Floer equation,
which we derive below, will have as leading term the anti-Cauchy–Riemann operator. The
fact that holomorphic functions are more natural than anti-holomorphic ones makes it
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preferable to have the Cauchy–Riemann operator instead. In order to have this, at least
one of the above sign conventions has to be changed. Our choice here is to sacrifice the
sign convention from complex geometry. Notice that with our convention the Hamiltonian
vector field has the form XH = −J∇H , where ∇H is the gradient of H with respect to
the metric gJ defined in (4.5).
Given a loop x ∈ C∞contr(T,M) and two smooth vector fields ξ, η along x, define their
L2-inner product by
〈ξ, η〉L2 =
∫
T
gJ(ξ(t), η(t)) dt.
By (4.3), the differential of AH at x can be rewritten as
dAH(x)[ξ] =
∫
T
gJ(J(x˙−XHt(x)), ξ) dt = 〈J(x˙−XHt(x)), ξ〉L2,
so the L2-gradient of AH at x is the following vector field along x:
∇L2AH(x) = J(x˙−XHt(x)).
Then the negative L2-gradient equation for a curve u : R→ C∞contr(T,M),
d
ds
u(s) = −∇L2AH(u(s))
becomes the following PDE,
(4.6)
∂u
∂s
+ J(u)
(
∂u
∂t
−XHt(u)
)
= 0,
once we view u as a map from the cylinder R×T into M .
For M = R2n, J = J0 and H = 0, this is the Cauchy–Riemann equation determining
holomorphic mappings from the cylinder R × T to Cn. On an arbitrary (M,ω, J), this
is a zero-order perturbation of the equation for pseudo-holomorphic curves that Gromov
introduced in 1985, see [98].
This equation does not define a flow on C∞contr(T,M), nor on any other reasonable func-
tion space. However, as Floer first realized, this is not much of a problem if we want to
use it as a negative gradient equation for defining a boundary operator using a formula
analogous to (2.3). Indeed, (2.3) involves only gradient flow lines which are asymptotic to
two critical points. Therefore, what we need is that the space of solutions u of (4.6) which
for s → ±∞ converge to two loops that are critical points of AH is a finite dimensional
manifold with good compactness properties.
We now review the steps which lead to the definition of the Floer homology groups for
the action functional AH. The assumptions for now are that (M,ω) is a closed symplectic
manifold with [ω]|π2(M) = 0 and H : T ×M → R is a smooth Hamiltonian all of whose
1-periodic orbits are non-degenerate (that is, all fixed points of φ1H are non-degenerate).
Fix two critical points x and y of AH . Denote by M̂H,J(x, y) the set of smooth solutions
u : R×T→ M of the Floer equation (4.6) which satisfy the asymptotic conditions
lim
s→−∞
u(s, ·) = x and lim
s→+∞
u(s, ·) = y in C∞(T,M).
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The set M̂H,J(x, y) replaces the intersection of unstable and stable manifolds of two critical
points in Morse homology.
4.3. The Fredholm index of the linearized operator. Let u be an element of M̂H,J(x, y).
By choosing a unitary trivialisation of the tangent bundle of M along u and linearizing the
Floer equation (4.6) along u one gets an operator of the form
(4.7) v 7→
∂v
∂s
+ J0
∂v
∂t
− A(s, t) v
for maps v : R×T→ R2n, where A : [−∞,+∞]×T→ L(R2n,R2n) is a continuous map
such that the asymptotic systems
(4.8) w˙(t) = J0A(−∞, t)w(t) and w˙(t) = J0A(+∞, t)w(t)
are the linearisations of the Hamilton equation along x and y, respectively. It is convenient
to see (4.7) as a bounded linear operator from the Sobolev Space W 1,p(R × T,R2n) to
Lp(R×T,R2n) for p ∈ (2,∞), and the first step is to prove that this operator is Fredholm,
that is, it has finite dimensional kernel and cokernel. This fact follows from the ellipticity
of the Cauchy–Riemann operator ∂
∂s
+ J0
∂
∂t
and from the fact that the linear systems (4.8)
do not have non-trivial 1-periodic solutions, due to the non-degeneracy assumption. In
order to discuss the Fredholm index of the operator (4.7), that is, the difference of the
dimension of its kernel and its cokernel, we need to introduce the Conley–Zehnder index.
The space of linear Hamiltonian systems with 1-periodic coefficients and no non-trivial
1-periodic solutions has countably many connected components. These components are
labeled by an integer which is called the Conley–Zehnder index after [52, 53], but which
appeared also in an older paper of Gelfand and Lidski [90]. This integer counts the “wind-
ings” of the fundamental solution of a linear Hamiltonian system, which is a path of linear
symplectic mappings starting at the identity, within the symplectic linear group (which
has Z as fundamental group). By looking at the spectral flow of the path of operators
s 7→ −J0
d
dt
+ A(s, t),
one can prove that the Fredholm index of the operator (4.7) is the Conley–Zehnder index
of the first linear system in (4.8) minus the Conley–Zehnder index of the second one.
One now would like to define the Conley–Zehnder index of a non-degenerate Hamiltonian
periodic orbit x as the integer label attached to the linearisation of the Hamilton equation
along x. This is well-defined provided that the label of the linearized equation does not
depend on the choice of the trivialisation of the tangent bundle ofM along x which produces
the linearized equation. Since we are working with contractible periodic orbits, we can
restrict the attention to trivialisations of TM along x which extend to a trivialisation
of TM on a disc bounded by x. In order for the Conley–Zehnder index associated to
these trivialisations to be well-defined we need one more assumption on the symplectic
manifold (M,ω):
Assumption 4.4. The first Chern class c1(ω) ∈ H
2(M) of (M,ω) vanishes on spheres:
c1(ω)|π2(M) = 0.
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Here c1(ω) is the first Chern class of the complex vector bundle (TM, J), where J
is an ω-compatible almost complex structure on M . The fact that the space of such
almost complex structures is contractible implies that this characteristic class depends
only on the symplectic form ω and justifies the notation. This assumption, together with
Assumption 4.2, is usually summarized by saying that (M,ω) is symplectically aspherical.
Again, the 2n-torus, surfaces of genus at least 1 and products thereof are symplectically
aspherical.
When (M,ω) is symplectically aspherical, the Conley–Zehnder index of every non-dege-
nerate periodic Hamiltonian orbit x is a well-defined integer, which we denote by µCZ(x).
By the above discussion, the Fredholm index of the operator (4.7) which is obtained by
linearizing the Floer equation (4.6) along some solution u in M̂H,J(x, y), is the integer
µCZ(x)− µCZ(y).
Transversality. When we can guarantee that for every u ∈ M̂H,J(x, y) the operator (4.7),
which is obtained by linearizing the Floer equation (4.6) along u, is surjective, the implicit
function theorem implies that M̂H,J(x, y) is a smooth manifold whose dimension equals
the dimension of the kernel of this operator, which by the above discussion and the fact
that now the cokernel is zero is µCZ(x)− µCZ(y):
dimM̂H,J(x, y) = µCZ(x)− µCZ(y).
This shows that the Conley–Zehnder index in Floer theory plays the role of the Morse
index in Morse homology. The surjectivity of the operator (4.7) is not to be expected in
general, but it can be achieved by a generic choice of the ω-compatible almost complex
structure J , in analogy with the Morse homology case, in which the Morse–Smale con-
dition was achieved by choosing a generic metric g. Here actually one has to work with
almost complex structures J which depend smoothly and periodically on time. Replacing
the t-independent J by a t-dependent one does not make the Floer equation (4.6) more
complicated, and one can prove that for a generic choice of such a J the linearized operator
at any u ∈ M̂H,J(x, y) and for any pair of periodic orbits x and y is surjective.
The proof of this fact uses standard techniques in transversality theory, but needs also
to face a difficulty which is not present in the proof of the genericity of the Morse–Smale
condition for gradient flows. Indeed, here the space of admissible perturbations is quite
small: If we wish to modify a given solution u of the Floer equation near a point (s, t) ∈
R×T, what we can do is modify J near (t, u(s, t)). But this change will affect the solution u
also at every point (s′, t) ∈ R×T such that u(s′, t) = u(s, t). This difficulty can be solved
thanks to two useful properties of solutions of the Floer equation: On the one hand, the
complement of the set of points (s, t) ∈ R ×T such that u(s′, t) = u(s, t) for some s′ 6= s
has non-empty interior. On the other hand, the solutions of (4.6), although in general
not analytic, satisfy a unique continuation property which is analogous to that of analytic
functions.
4.4. Compactness. The starting point for proving compactness results about the space
M̂H,J(x, y) is the following identity, which follows from the fact that the Floer equation is
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a negative gradient equation for the action functional:∫
R
∥∥∥∥∂u∂s
∥∥∥∥2
L2
ds =
∫
R
∫
T
gJ
(
∂u
∂s
,
∂u
∂s
)
dt ds = AH(x)−AH(y).
The left-hand side is called the energy of the solution u, and the above identity tells us
that solutions of the Floer equation which are asymptotic to periodic orbits have uniformly
bounded energy (recall that AH has finitely many critical points). Starting from this,
one can prove that the space M̂H,J(x, y) is pre-compact in C
∞
loc: Any sequence (uh) ⊂
M̂H,J(x, y) has a subsequence (u
′
h) such that for every S > 0 the restriction of u
′
h to the
compact set [−S, S] × T converges to some solution u of the Floer equation, uniformly
together with all its derivatives. Exactly as in Morse homology, the limiting solution u
needs not be in M̂H,J(x, y), but will be in M̂H,J(x
′, y′) for some periodic orbits x′ and y′
with
AH(y) 6 AH(y
′) 6 AH(x
′) 6 AH(x),
see Figure 4.1.
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Figure 4.1. Breaking, seen in M and in C∞(T,M)
The first step in the proof of this compactness result is to show that the differential
of u is uniformly bounded when u varies in M̂H,J(x, y). This follows from the assumption
that [ω] vanishes on π2(M) and would not be true in general. It is proved by contradic-
tion, by considering a sequence of solutions (uh) ⊂ M̂H,J(x, y) and a sequence of points
(zh) ∈ R ×T such that ‖duh(zh)‖ diverges. Then a blowing-up argument allows to show
that the restriction of uh to a disc of radius rh centered at zh, with rh a suitable infini-
tesimal sequence, produces in the limit a non-constant J-holomorphic sphere, that is, a
non-constant map
v : (S2, j)→ (M,J)
from the sphere S2 with its standard complex structure j to the almost complex mani-
fold (M,J) such that
dv ◦ j = J ◦ dv.
This phenomenon is known as bubbling off of J-holomorphic spheres. By the compatibility
of J with ω, the integral of ‖dv‖2 over S2 coincides with twice the integral of v∗ω, but the
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latter integral vanishes because of the assumption [ω]|π2(M) = 0. This shows that v must
be constant, producing the desired contradiction. If one drops the symplectic asphericity
assumption, (M,ω) might have non-constant J-holomorphic spheres and this argument
fails.
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Figure 4.2. Bubbling
By the theorem of Ascoli–Arzela`, the uniform bound on the differential of u implies
uniform convergence on compact subsets of the cylinder, and allows one to localize the
analysis by using charts on M and to consider sequences of R2n-valued maps instead of
M-valued ones. Then a bootstrap argument using the Calderon–Zygmund inequality
‖du‖Lp(R×T) 6 Cp
∥∥∥∥∂u∂s + J0∂u∂t
∥∥∥∥
Lp(R×T)
∀ u ∈ C∞c (R×T,R
2n), ∀ p ∈ (1,∞),
gives the desired compactness in C∞loc.
4.5. The Floer complex. Now we proceed like in Morse homology and define the ana-
logue of the Morse complex. We postpone the discussion about orientations and deal with
Z2 coefficients for now. For every k ∈ Z, we define CFk(H) to be the Z2-vector space
generated by the (finitely many) 1-periodic orbits of Conley–Zehnder index k. When
µCZ(x)− µCZ(y) = 1,
the space M̂H,J(x, y) is a one-dimensional manifold which is invariant under the free action
of R given by translations of the s variable: (σ · u)(s, t) = u(s + σ, t). The quotient
MH,J(x, y) of M̂H,J(x, y) by this action is a zero-dimensional manifold. Compactness and
transversality imply that MH,J(x, y) is a finite set, by an argument which is completely
analogous to what we have seen in Morse homology. We then define ν(x, y) ∈ Z2 to be the
parity of this set, and define the boundary homomorphism exactly as in (2.3):
∂k : CFk(H)→ CFk−1(H), ∂kx =
∑
y∈CritAH
µCZ(y)=k−1
ν(x, y) y, ∀x ∈ CritAH with µCZ(x) = k.
The proof of the identity ∂k ◦ ∂k+1 = 0 is based on the same cobordism argument that
we have seen in Morse homology. The main point is to show that when x, y, and z are
periodic orbits with
µCZ(x) = k + 1, µCZ(y) = k, µCZ(z) = k − 1,
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and [u] ∈ MH,J(x, y) and [v] ∈ MH,J(y, z), then one can find a unique connected compo-
nent ofMH,J(x, z) having the pair ([u], [v]) as a boundary point (see again Figure 2.4). In
the case of a Morse–Smale negative gradient flow on a finite dimensional manifold, this fact
can be deduced by the hyperbolic behaviour of the flow near the stationary point y. In the
case of the Hamiltonian action functional, we do not have a gradient flow at our disposal,
and the proof is more complicated. It is based on a Newton iteration scheme for finding
elements of M̂H,J(x, z) starting from the approximated solution which is given by “gluing
together” the solutions u and v. Once this is done, we have a chain complex of finite
dimensional Z2-vector spaces {CFk(H), ∂k}, which is called the Floer complex of (H, J).
4.6. Orientations. It is sometimes desirable to have a homology theory with integer co-
efficients, rather than coefficients in Z2. As we have seen, in finite dimensional Morse
homology this can be done by using orientations of the unstable manifolds. In the infinite
dimensional generalisation, we do not have unstable manifolds. And even if we could define
them somehow, they would be infinite dimensional objects. The strategy in this case is to
adopt a common escamotage in global analysis: In infinite dimensional situations, orient
maps rather than spaces. Indeed, our aim is to orient the finite dimensional manifolds
M̂H,J(x, y), which means orienting their tangent spaces. Each of these tangent spaces is
seen as the kernel of the surjective Fredholm operator (4.7). The space of Fredholm op-
erators between two real Banach spaces is the base space of a real line bundle, called the
determinant bundle, which was introduced by Quillen in [162], whose fiber at the Fredholm
operator T is the space of alternating forms of top degree on the finite dimensional space
ker T × (coker T )∗. In particular, the determinant line at a surjective Fredholm operator
is the space of alternating forms of top degree on its kernel, so any non-zero element of
this line defines an orientation of the kernel of T . The determinant bundle over the space
of all Fredholm operators does not have non-vanishing sections, but its restriction to the
space of operators of the form (4.7) with fixed asymptotics (4.8) does. Starting from these
observations one can orient all spaces M̂H,J(x, y) in a coherent way, and this allows one to
define a Floer complex over the integers.
4.7. Invariance. As we have seen, a non-degenerate 1-periodic Hamiltonian function on a
closed symplectically aspherical manifold (M,ω) has a Floer complex {CFk(H), ∂k}, where
the boundary operator depends on the choice of a generic 1-periodic ω-compatible almost
complex structure J . Natural questions are now: How does this chain complex vary when
we change the almost complex structure? And what happens if we change the Hamiltonian?
If J1 and J2 are two ω-compatible almost complex structures which give us transver-
sality, we can join them by a path of ω-compatible almost complex structures and define
a family J(s, t, ·) of ω-compatible almost complex structures such that J(s, t, ·) = J1(t, ·)
for s 6 0 and J(s, t, ·) = J2(t, ·) for s > 1. Then we can look at the s-dependent Floer
equation
∂u
∂s
+ J(s, t, u)
(
∂u
∂t
−XHt(u)
)
= 0.
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When the homotopy J is chosen generically, an algebraic count of the solutions of this
equation which are asymptotic to pairs of periodic orbits of XH with the same Conley–
Zehnder index produces a chain map from the Floer complex of (H, J1) to that of (H, J2).
The proof of the chain map property is analogous to the proof of ∂2 = 0. This map
can be shown to be a chain complex isomorphism, so the Floer complex changes by an
isomorphism when varying the almost complex structure.
Changing the Hamiltonian involves a more drastic change, because in this case also
the groups CFk(H) change, and not only the boundary operators. But the same strategy
works: Given non-degenerate 1-periodic HamiltoniansH1 andH2, one interpolates them by
a family of HamiltoniansH(s, t, ·) withH(s, t, ·) = H1(t, ·) for s 6 0 andH(s, t, ·) = H2(t, ·)
for s > 1 and uses solutions of the equation
(4.9)
∂u
∂s
+ Jt(u)
(
∂u
∂t
−XHs,t(u)
)
= 0
to build a chain map from the Floer complex of (H1, J) to that of (H2, J):
ΦH1,H2 : CFk(H1)→ CFk(H2).
By considering “homotopies of homotopies”, one can prove that the chain map ΦH2,H1 is a
homotopy inverse to ΦH1,H2, meaning that their compositions in both orders are chain
homotopic to the identity. This implies that the homomorphisms induced by ΦH1,H2
and ΦH2,H1 at the level of homology, that are called continuation maps, are inverse to
each other. We conclude that the homology of the Floer complex of (H, J) depends on the
choice of the data (H, J) only up to an isomorphism. Because of this, one can refer to it
as to the Floer homology of (M,ω) and denote it by HF∗(M,ω).
4.8. Computation of the Floer homology. The last step is to determine the Floer
homology of (M,ω). Notice that for now we have discussed the differential structure and
the compactness properties of the spaces M̂H,J(x, y) without ever bothering to show that
these spaces are not empty. But now that we know that the Floer homology does not
depend on the choice of the Hamiltonian, we can choose particular ones, for which we can
hope to say more about the Floer complex. A good idea is to choose an autonomous and
C2-small Hamiltonian H : M → R which is a Morse function. In general, autonomous
Hamiltonians are not suited for the version of Floer homology we are considering, because
a non-constant 1-periodic orbit cannot be non-degenerate, since its velocity is a periodic
solution of the linearized equation. But if the autonomous Hamiltonian H is Morse and
C2-small, one can show that the only 1-periodic orbits are the constant ones, which are
given by the critical points of H , and these are non-degenerate as periodic orbits because
they are non-degenerate as critical points of H . Moreover, it is not difficult to compute
the Conley–Zehnder index of these constant orbits and to relate it to their Morse index:
µCZ(x) = n− indH(x) ∀ x ∈ CritH.
Therefore, we have
CFk(H) ∼= CMn−k(H) = CMk+n(−H).
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Furthermore, one can show that the C2-smallness of H implies, if we choose J to be t-
independent, that all the finite energy solutions u of (4.6) do not depend on t. Therefore,
they are of the form u = u(s) and the Floer equation (4.6) for them reduces to
u′(s)−∇H(u(s)) = 0.
This means that the Floer trajectories u are in this case the negative gradient flow lines
of −H , and hence the Floer complex of (H, J) is nothing else but the Morse complex
of (−H, gJ), after a degree shift of n. From the fact that the Morse homology of −H is
isomorphic to the singular homology of M , we conclude that the same is true for the Floer
homology of (M,ω):
(4.10) HFk(M,ω) ∼= Hk+n(M).
4.9. The dictionary. We summarize the translation of Morse homology to Hamiltonian
Floer homology of a closed symplectically aspherical manifold (M,ω) in the following
dictionary.
Morse homology HM∗ Floer homology HF∗
manifold M closed manifold C∞contr(T,M)
space of contractible loops in M
function f : M → R
Morse function
AH : C
∞
contr(T,M)→ R
action functional of non-degenerate
Hamiltonian H : T×M → R
grading Morse index indf Conley–Zehnder index µCZ
Riemannian
metric
g such that (f, g) is
Morse–Smale
generic ω-compatible
almost complex structure Jt
gradient flow
lines
u˙ = −∇gf(u)
negative gradient flow
us + Jt(u) (ut −XHt(u)) = 0
Floer equation
4.10. Proof of the Arnol’d conjecture. In the case of a closed symplectically aspherical
manifold (M,ω), the Arnol’d conjecture 4.1 follows at once from the fact that the homology
of the Floer complex of (H, J), where H is any non-degenerate 1-periodic Hamiltonian,
is isomorphic to the singular homology of M . Indeed, the total rank of a chain complex
is not smaller than the total rank of its homology. Actually, a more precise relationship
between the number pk(H) of 1-periodic orbits of Conley–Zehnder index k and the Betti
numbers bk(M) of M is expressed by the following relation between Laurent polynomials∑
k∈Z
pk(H) z
k =
n∑
k=−n
bk+n(M)z
k + (1 + z)Q(z),
where Q is a Laurent polynomial with integer non-negative coefficients.
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4.11. The Conley conjecture. Let (M,ω) be a symplectically aspherical manifold. By
the proof of the Arnol’d conjecture, for a non-degenerate Hamiltonian diffeomorphism
φ : M →M there is a non-trivial, though finite, lower bound for the number of contractible
fixed points. Here, the adjective “contractible” refers to the fact that the fixed points
correspond to contractible 1-periodic orbits of the Hamiltonian system whose time-1 flow
is φ. Usually weaker but still non-trivial lower bounds hold if one drops the non-degeneracy
assumption, see the historical notes below.
We now look for periodic points of φ, that is, fixed points of some iterate φk. The
following result was conjectured by C. Conley in 1984 for the special case of the standard
torus R2n/Z2n.
Theorem 4.5. Assume that (M,ω) is closed and symplectically aspherical. Then every
Hamiltonian diffeomorphism φ : M → M has infinitely many contractible periodic points.
Notice that here no non-degeneracy assumption is required. An equivalent reformulation
of the above theorem is that any 1-periodic Hamiltonian system on M has infinitely many
contractible closed orbits of integer period.
Idea of the proof of Theorem 4.5. The proof is by contradiction: We assume that there is
a Hamiltonian diffeomorphism φ : M →M with only finitely many periodic points. Up to
replacing φ with a suitable iterate, we may assume that all the periodic points of φ are
fixed points of φ. We will find a contradiction by showing that there is a high iterate of φ
with a fixed point which is not a fixed point of φ.
The argument uses results on the behaviour of the Conley–Zehnder index under iteration.
If x is a fixed point of φ, then it has a Conley–Zehnder index µCZ(x, φ). But being also a
fixed point of φk, it also has a Conley–Zehnder index µCZ(x, φ
k). These Conley–Zehnder
indices grow linearly in k, meaning that the limit
µˆ(x) := lim
k→∞
µCZ(x, φ
k)
k
exists and is finite. The real number µˆ(x) is called mean Conley–Zehnder index of the
fixed point x. It satisfies the inequalities
(4.11) − n 6 µCZ(x, φ
k)− k µˆ(x) 6 µCZ(x, φ
k) + ν(x, φk)− k µˆ(x) 6 n ∀ k ∈ N,
where dimM = 2n and ν(x, φk) denotes the geometric multiplicity of 1 as an eigenvalue
of dφk(x). Moreover, the two extremal inequalities are strict when the spectrum of dφk(x)
contains eigenvalues different from 1.
We now make the extra assumption that all the fixed points x of φ are “weakly non-
degenerate”, meaning that the spectrum of dφ(x) contains eigenvalues different from 1. In
this case, we can find a positive integer k such that:
(i) the spectrum of dφk(x) contains eigenvalues different from 1 for all fixed points x of φ;
(ii) if x is a fixed point of φ with µˆ(x) 6= 0, then |µ(x, φk)| > 3n.
Indeed, (i) holds for any k ∈ N which is not a multiple of the order of all the (finitely
many) non-trivial roots of 1 in the spectrum of the differential of φ at any fixed point of φ,
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so it holds for any k ∈ N in the complement of finitely many proper ideals. Condition (ii)
holds if k is large enough, by (4.11) and the fact that φ has finitely many fixed points.
Now we would like to consider the Floer complex of a Hamiltonian H whose time-one
map is φk. This is not well-defined in general, since φk might have degenerate fixed points.
However, all fixed points of φk are isolated (they are just the finitely many fixed points
of φ) and this implies that we can perturb φk and obtain a non-degenerate Hamiltonian
diffeomorphism ψ such that each fixed point x of φk is replaced by finitely many fixed
points x1, . . . , xh of ψ which are near x and whose Conley–Zehnder indices satisfy
µCZ(x, φ
k) 6 µCZ(xj , ψ) 6 µCZ(x, φ
k) + ν(x, φk) ∀ j = 1, . . . , h.
This fact is completely analogous to the classical fact that a smooth function with isolated
critical points can be perturbed and made Morse by replacing each critical point x by
finitely many critical points with Morse index between the Morse index of x and the Morse
index plus the nullity of x.
Choose a Hamiltonian K whose time-one map is ψ. The Floer complex of K is well-
defined and as we know has the homology of M shifted by −n. In particular, the fact that
H2n(M) does not vanish implies that the n-th Floer homology group does not vanish, and
hence ψ has a fixed point y of Conley–Zehnder index n. Since all fixed points of ψ are
bifurcating from fixed points of φk, y originates from a fixed point x of φk for which we
have
µCZ(x, φ
k) 6 µCZ(y, ψ) 6 µCZ(x, φ
k) + ν(x, φk).
If the mean Conley–Zehnder index µˆ(x) vanishes, then our assumption that x is a weakly
non-degenerate fixed point of φk, by condition (i) above, implies that the inequalities (4.11)
are strict and in particular that
µCZ(x, φ
k) + ν(x, φk) < n.
But then µCZ(y, ψ) < n, contradicting the fact that µCZ(y, ψ) = n. If µˆ(x) 6= 0, then
condition (ii) implies that
0 = |µCZ(y, ψ)| − n > |µCZ(x, φ
k)| − ν(x, φk)− n > 3n− 2n− n = 0,
which is a contradiction. In both cases we get a contradiction, which shows that φk must
have a fixed point which is not fixed by φ. This proves the theorem under the extra
assumption that all fixed points of φ are weakly non-degenerate.
A closer inspection of the above argument shows that the case which remains to be
considered is the following: there is a fixed point x of φ with µˆ(x) = 0 such that for every
natural number k the point x is isolated in the fixed point set of φk and produces, after
perturbing φk to a non-degenerate Hamiltonian diffeomorphism ψ, a fixed point y with
µCZ(y, ψ) = n. A fixed point with these properties is called a “symplectically degenerate
maximum”. A careful investigation of fixed points of this kind, together with a delicate
argument relating the local and global behaviours of Floer homology groups under iteration,
shows that the presence of a symplectically degenerate maximum implies the existence of
infinitely many periodic points with diverging periods. This concludes the proof of the
Conley conjecture.
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Historical notes and bibliography. The one presented here is the first version of Floer
homology, which Floer created in the second half of the eighties, see [69, 70, 73, 75].
Hamiltonian Floer theory for symplectically aspherical manifolds was essentially complete
by the time of Floer’s tragic death in 1991, but certain aspects of it have been clarified in
the period immediately afterwards. The interpretation of the grading in terms of Conley–
Zehnder indices is due to Salamon and Zehnder [168], and a more comprehensive treatment
is due to Robbin and Salamon [165]. The first full account of the transversality theory
for the Floer equation is contained in a paper of Floer, Hofer and Salamon [78]. The
orientation theory which leads to Floer homology with integer coefficients is due to Floer
and Hofer [76]. The book [25] gives a complete and detailed account of the whole theory
over Z2 coefficients. Previous lecture notes through which generations of students have
become familiar with Hamiltonian Floer homology are [166].
If one drops the symplectic asphericity assumption, two main difficulties occur: The
Hamiltonian action functional is not well-defined anymore and bubbling off of J-holomorphic
spheres may happen. The first difficulty can be addressed by extending to the infinite
dimensional setting Novikov’s ideas for developing a Morse theory for zeroes of closed one-
forms. The second difficulty can be overcome relatively easily when one can show that
bubbling off of J-holomorphic spheres does not occur for moduli spaces MH,J(x, y) of di-
mension 0 and 1, which are the only ones which are used in the definition of ∂ and in the
proof of ∂2 = 0. These ideas have lead to the definition of Floer homology and to the proof
of the Arnol’d conjecture first for monotone symplectic manifolds (by Floer [73]) and then
for weakly monotone symplectic manifolds (by Hofer and Salamon [105] and Ono [153]),
two classes of symplectic manifolds generalizing symplectically aspherical ones and includ-
ing interesting examples such as the complex projective space. The case of a general closed
symplectic manifold requires incorporating J-holomorphic spheres in the compactifications
of the moduli spaces. This in turn makes the transversality theory much more delicate.
Various solutions have been proposed (see [129, 86]) and are currently being developed (see
[87, Part II], [104, 108] and the references therein, [138, 139], and [155]) in order to solve
these difficulties, which also appear in other versions of Floer homology and in the theory
of Gromov–Witten invariants, but there is yet no consensus among the experts on what
should be the ultimate neat solution.
Arnol’d generalized and reformulated the first versions of his Conjecture 4.1 from 1965
in [19] several times, see for instance [36, Problem 20 on p. 66] and [20, Appendix 9],
and [24] for the history of this and other Arnol’d conjectures. There is also a degenerate
version of the Hamiltonian Arnol’d conjecture, in which one does not assume the fixed
points of the Hamiltonian diffeomorphism to be non-degenerate. In this case, Arnol’d
conjectured as lower bound the minimal number of critical points of an arbitrary smooth
function on M , and this conjecture is usually weakened by asking as lower bound the
cuplength of M , namely 1 plus the maximal length of a non-vanishing product of elements
of positive degree in the cohomology ring H∗(M). When [ω] vanishes on π2(M), the weak
form of this conjecture has been proved by Floer in [74], see also [109, §6.4] for a very
accessible presentation of this proof. The degenerate Arnol’d conjecture has been proved
also for the complex projective space by Fortune [80], using methods more similar to the
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H
1
2 approach introduced by Conley and Zehnder for the 2n-torus, but it is open for general
closed symplectic manifolds.
The Conley conjecture for symplectically aspherical closed manifolds was proved by
Salamon and Zehnder in [168] under the extra assumption that all the fixed points of the
Hamiltonian diffeomorphism are weakly non-degenerate, and in general by Ginzburg [93].
For the standard torus R2n/Z2n, the conjecture had been proved earlier by Hingston [102].
The asphericity assumption in Theorem 4.5 cannot be omitted: Take the sphere S2 ⊂ R3 of
radius 1 with the Euclidean area form. Then the flow φtH of the Hamiltonian H = 2παx3 is
given by rotation by angle 2πα about the vertical axis. If α is irrational, the only periodic
orbits of integral period are thus the two fixed points at the poles.
PSfrag replacements
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Figure 4.3. An irrational rotation of the 2-sphere
This example is quite exceptional. In fact, the asphericity assumption in Theorem 4.5 has
been much relaxed: It is enough to assume that the closed symplectic manifold (M,ω)
contains no homology class A represented by a 2-sphere such that [ω](A) and c1(A) are
positive [95]. For a survey on the Conley conjecture, that also describes several variations
on the theme, see [94].
Algebraic structures on Floer homology that go beyond its vector space structure are
defined by extending the Floer equation to Riemann surfaces more general than the cylin-
der. Take, for instance, a thrice punctured sphere Σ with a complex structure j. After
fixing holomorphic polar coordinates z = s + it with s ∈ (−∞, 0), t ∈ T near the two
punctures Z1 and Z2 and with s ∈ (0,+∞), t ∈ T near the third puncture Z3, we can
think of Σ as the pair of pants drawn in Figure 4.4.
The Floer equation on cylinders can be extended to the domain Σ in the following way:
Let β be a closed 1-form on Σ whose local expression is dt near Z1 and Z2 and 2 dt near Z3.
The existence of such a 1-form is guaranteed by the fact that the sum 1+ 1 of the weights
in front of dt at the negative punctures Z1 and Z2 agrees with the weight 2 at the positive
puncture Z3. The Floer equation for a map u : Σ → M , where (M,ω) is a symplectic
manifold equipped with an almost complex structure J , can now be written as
(du−XH ⊗ β)
0,1 = 0,
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Figure 4.4. A pair of pants
where η0,1 denotes the anti-holomorphic part of a u∗(TM)-valued differential form η on Σ,
that is
η0,1 = η − J ◦ η ◦ j.
Counting the solutions of the above equation which are asymptotic to periodic Hamiltonian
orbits at the three punctures defines a chain map
CFk(H)⊗ CFℓ(H)→ CFk+ℓ−n(2H),
where dimM = 2n, and hence a product
(4.12) HFk(M,ω)⊗HFℓ(M,ω) → HFk+ℓ−n(M,ω)
that endows the Floer homology HF(M,ω) with a ring structure. This product is known
as pair-of-pants product and was first studied by Schwarz in [172], who used a slightly
different definition involving cut-off of the Hamiltonian function away from the punctures.
The formulation via the 1-form β outlined above is due to Seidel [176]. When the closed
symplectic manifold (M,ω) is symplectically aspherical, this product corresponds to the
cup product in singular cohomology H∗(M), after identifying the Floer homology of (M,ω)
with the singular cohomology of M by the isomorphism (4.10) and Poincare´ duality. If one
drops the symplectic asphericity condition, thenM can contain J-holomorphic spheres and
the pair of pants product is a finer symplectic invariant, which agrees with the quantum
cup product from Gromov–Witten theory, see [158], [130] and [137, §12.2]. An extensive
study of finer algebraic structures on Floer homology is contained in [164].
5. Basics on Hamiltonian dynamics and symplectic geometry, II
In order to discuss more advanced applications of Floer’s ideas, we need to introduce
further concepts from Hamiltonian dynamics and symplectic geometry. We start with
contact type hypersurfaces and their characteristic flows, which naturally lead to the more
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general notion of Reeb flows on contact manifolds. We then introduce Lagrangian and
Legendrian submanifolds, and finally have a first look at symplectic embedding problems.
From hypersurfaces to contact manifolds. Let (M,ω) be a 2n-dimensional symplectic
manifold. If a Hamiltonian function H : M → R does not depend on time, then its level
sets are preserved by the Hamiltonian flow:
H(φtH(x)) = H(x).
In particular, if c is a regular value of H then Σ := H−1(c) is a smooth hypersurface
in M which is invariant under the Hamiltonian flow, and the Hamiltonian vector field XH
restricts to a nowhere vanishing tangent vector field on Σ. One can thus restrict φtH to
Σ and study the properties of this restricted dynamical system. Actually, the direction
of XH depends only on Σ, and not on the particular Hamiltonian H of which Σ is a regular
level. Indeed, RXH is precisely the kernel of the restriction of ω to Σ, which is called the
characteristic line field of Σ. Therefore, the choice of a different Hamiltonian H still
having Σ as regular level determines a flow on Σ which is a time reparametrisation of the
original flow. When one ignores the time parametrisation, Hamiltonian orbits on Σ are
just integral flow lines of the characteristic line field and they are called characteristics.
Many properties of the flow φtH depend only on the characteristic foliation on Σ, but not
on the specific choice of H . Examples are the set of closed orbits (which are in bijection
with the closed characteristics) and (at least if Σ is compact) also the asymptotics for
T → +∞ of the number of closed orbits with period not exceeding T , and the positivity
of the topological entropy (cf. §7.4).
The hypersurface Σ is said to be of contact type when the restriction of ω to a neigh-
bourhood of Σ admits a primitive λ such that its Liouville vector field Xλ defined
by
ω(Xλ, ·) = λ
is transverse to Σ. Equivalently, λ ∧ dλn−1 restricts to a volume form on Σ. This second
formulation suggests that we study a certain class of flows on an odd-dimensional manifold
without considering an ambient symplectic manifold explicitly: A smooth 1-form on a
(2n − 1)-dimensional manifold Y is said to be a contact form if α ∧ dαn−1 is a volume
form on Y . The kernel of α is called the contact structure on Y , and defines α only
up to multiplication by a non-vanishing real function. The non-vanishing vector field Rα
defined by
dα(Rα, v) = 0 ∀v ∈ TY, α(Rα) = 1,
is called the Reeb vector field of α.
If Y ⊂ M is a contact type hypersurface of (M,ω) with respect to a primitive λ of ω
near Y , then α := λ|Y is a contact form on Y and Rα generates the characteristic line
field. Therefore, the flow of Rα agrees, up to a time reparametrisation, with the flow of
any autonomous Hamiltonian vector field which is defined by a Hamiltonian having Y as
regular level.
Conversely, if α is a contact form on Y then there is a standard way of seeing Y as a
contact type hypersurface inside a symplectic manifold: We consider the product M :=
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(0,+∞)× Y with the one-form
λ = ρα,
where ρ is the coordinate on the first component in the product (0,+∞)×Y , and endowM
with the symplectic form ω = dλ. The pair (M,ω) is called the symplectisation of (Y, α).
Notice that the Liouville vector field induced by λ has the form
Xλ = ρ
∂
∂ρ
.
A contact manifold is a manifold on which a contact structure has been fixed. One
then has the pair (Y, ξ), where ξ = kerα is the kernel of one and hence any other contact
form fα on (Y, ξ). The Reeb flow φtfα of Rfα strongly depends on the function f , see
Examples 5.1 and 5.2 below. One can nevertheless ask for properties of the Reeb flows φtfα
that do not depend on the specific choice of the contact form:
1. Weinstein conjecture. Every Reeb flow on a closed contact manifold has a closed
orbit.
2. Positive topological entropy. Are there contact manifolds (Y, ξ) for which every
Reeb flow has positive topological entropy?
We shall see that Floer homologies have much to say about both questions (Sections 6.1,
6.3 and 8.2 for the the Weinstein conjecture and Section 7.4 for positive entropy). The
Weinstein conjecture in particular holds for the boundary of many Liouville domains.
Liouville domains. A Liouville domain is a compact symplectic manifold (M,ω) with
boundary ∂M such that ω is exact and admits a primitive λ whose induced Liouville vector
field Xλ is transverse to ∂M . Therefore, a Liouville domain is a symplectic manifold with
contact type boundary, such that the primitive of ω giving the contact condition near the
boundary extends to a primitive on the whole M .
Example 5.1 (Starshaped domains in R2n). Let U ⊂ R2n be a bounded open set
containing the origin and such that ∂U is a smooth hypersurface transverse to the radial
direction. Then (U, ω0|U) is a Liouville domain with respect to the following primitive
of ω0:
λ0 :=
1
2
n∑
j=1
(
pj dqj − qj dpj
)
.
Indeed, the Liouville vector field induced by λ0 is the radial vector field
X0 :=
1
2
n∑
j=1
(
pj
∂
∂pj
+ qj
∂
∂qj
)
=
1
2
r
∂
∂r
.
The boundary ∂U carries the contact structure ξ∂U = ker λ0|∂U . Given another starshaped
domain V , the radial projection ∂U → ∂V maps ξ∂U to ξ∂V . All these contact manifolds
are thus diffeomorphic, and define the canonical contact structure on the sphere S2n−1. On
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the other hand, the Reeb flows on ∂U and ∂V with respect to λ0 can be very different.
Consider, for instance, the ellipsoids
(5.1) E(a1, . . . , an) =
{
(z1, . . . , zn) ∈ C
n |
n∑
j=1
π|zj|
2
aj
< 1
}
whose projection to the j-th complex coordinate plane is the disc of area aj . Here, we
describe an ellipsoid by its areas aj = πr
2
j , not its radii rj, since lengths and distances
have no intrinsic meaning in symplectic geometry. Then the Reeb flow on the boundary of
E(a1, . . . , an) has only n simple closed orbits if the aj are rationally independent (namely
the orbits γj = {zk = 0 if k 6= j}), but has infinitely many simple closed orbits otherwise.
Example 5.2 (Starshaped domains in cotangent bundles). Let Q be a compact
manifold and let U ⊂ T ∗Q be a bounded open set containing the zero section and such
that for every q ∈ Q the set ∂U ∩ T ∗qQ is a smooth hypersurface in T
∗
qQ transverse to
the radial direction. Then U is a Liouville domain with respect to the Liouville form
λcan =
∑
j pj dqj, which induces the canonical symplectic form ωcan on T
∗Q. Indeed, the
Liouville vector field induced by λcan is the fiberwise radial vector field
Xcan =
n∑
j=1
pj
∂
∂pj
.
Interesting examples in this class are given by the cotangent disc bundles which are
determined by a Riemannian structure on Q and a Hamiltonian modelling a magnetic and
potential force: Specializing (3.2) we consider the autonomous Hamiltonian
(5.2) H(q, p) = 1
2
‖p− α(q)‖2 + V (q).
When c > maxV , the intersection of H−1(c) with T ∗qQ is a sphere centered at α(q), for
every q ∈ Q. If c is even larger, and precisely if
(5.3) c > max
q∈Q
(
1
2
‖α(q)‖2 + V (q)
)
=: κˆ,
the origin of T ∗qQ belongs to {H < c} and hence the energy level H
−1(c) is a fiberwise
starshaped hypersurface, see the middle drawing in Figure 5.1. Actually, even for energies
below the threshold κˆ the energy level H−1(c) can be mapped by a symplectomorphism
to a fiberwise starshaped hypersurface: This is certainly the case if c is larger than the
number
κ := inf
θ
max
q∈Q
H(q, θ(q)) = inf
θ
max
q∈Q
(
1
2
‖θ(q)− α(q)‖2 + V (q)
)
,
where the infimum is taken over all closed 1-forms θ on Q. Indeed, if c > κ then there is
a closed 1-form θ such that the hypersurface H−1(c) ∩ T ∗qQ is starshaped with respect to
the point θ(q), for every q ∈ Q. The diffeomorphism
T ∗Q→ T ∗Q, (q, p) 7→
(
q, p− θ(q)
)
,
which is symplectic because the 1-form θ is closed, maps H−1(c) to a fiberwise starshaped
hypersurface Σ. More precisely Σ is fiberwise convex: Its intersection Σq with T
∗
qQ is a
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sphere centred at α(q) − θ(q) and with the origin in its interior, see the right drawing
in Figure 5.1. Therefore, Σ is the unit sphere cotangent bundle associated to a smooth
(possibly non-reversible) Finsler metric on Q. Since symplectomorphisms preserve the
characteristic foliations, we conclude that for c > κ the Hamiltonian flow on H−1(c) is
conjugated, after a time reparametrisation, to a Finsler geodesic flow.
The number κ is called Man˜e´ critical value. It is between the maximum of V and
the threshold κˆ in (5.3), but often smaller than κˆ, and it has many other interesting
characterisations in terms of the Lagrangian which is Legendre dual to H (see (6.4) for the
definition) and in terms of Lagrangian graphs in T ∗Q (defined below). The Man˜e´ critical
value κ is therefore a stronger and more natural energy threshold than κˆ. Many results
on this value can be found in [45, 54], where the former paper uses the Rabinowitz–Floer
homology outlined in Section §6.6.
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Figure 5.1. A starshaped domain inR2, a fiber sphere H−1(c)∩T ∗qQ for the
Hamiltonian system (5.2), and a fiber sphere Σq obtained after translation
by −θ(q)
Given two starshaped domains U and V in T ∗Q, the fiberwise radial projection identifies
the contact structures ker λcan on ∂U and ∂V . The resulting contact manifold is called the
spherisation (S∗Q, ξcan) of Q. The Reeb flows on ∂U and ∂V with respect to λcan, and
hence different Reeb flows on (S∗Q, ξcan), can be very different. For instance, the geodesic
flow on the round sphere is periodic, while for most other Riemannian metrics there are
only finitely many closed geodesics below a given length.
Example 5.3 (Stein domains). Let (W,J) be a Stein manifold, that is a complex ma-
nifold endowed with a coercive plurisubharmonic function h : W → R. Then each regular
sublevel {h 6 c} is a Liouville domain with respect to the one-form λ = −dch = dh ◦ J .
Indeed, in this case the Liouville vector field is the gradient of h with respect to the metric
determined by the Ka¨hler form dλ = −ddch.
Algebraic geometry is another rich source of Liouville domains, see [176].
Completion. Let (M,λ) be a Liouville domain. The Liouville vector field Xλ is now
defined on all of M , and since its flow ψt expands ω,
(ψt)∗ω = etω,
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it also expands the volume form and hence Xλ is outward-pointing along the boundary.
Therefore, its flow φsXλ is defined for all s 6 0 and induces an embedding
j : (0, 1]× ∂M →M, (ρ, x) 7→ φlog ρXλ (x),
such that j∗λ = ρα and j∗Xλ = ρ
∂
∂ρ
, where again α = λ|∂M and ρ denotes the coordinate
on the first factor of (0, 1]× ∂M . The completion of M is the manifold
M̂ = M ∪∂M ([1 +∞)× ∂M).
The Liouville form λ and hence the symplectic form ω extend naturally to the completion
by setting
λ|[1+∞)×∂M = ρα.
In other words, M̂ is obtained by gluing to M the positive part of the symplectisation
of ∂M .
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Figure 5.2. The completion M̂ of M
One easily checks that the completion of a starshaped domain in R2n is (R2n, λ0), while
the completion of a starshaped domain in T ∗Q is (T ∗Q, λcan). In general, the completion of
a regular sublevel {h 6 c} in the Stein manifold (W,J) with plurisubharmonic function h
has a simpler topology than W , unless c is larger than the largest critical value of h.
Lagrangian submanifolds. A Lagrangian submanifold of a 2n-dimensional symplectic
manifold (M,ω) is an n-dimensional submanifold L on which the restriction of ω vanishes:
ωx(v, w) = 0 for all v, w ∈ TxL and x ∈ L.
Examples 5.4. (1) Let T ∗Q be the cotangent bundle over a smooth manifold Q, endowed
with the canonical symplectic form ωcan = dλcan. Then the zero section Q = {(q, p) | p = 0}
is Lagrangian, and every cotangent fiber T ∗qQ is Lagrangian.
(2) Every embedded circle on a surface with an area form is Lagrangian. In particular,
any circle S1 in C ∼= R2 is Lagrangian, and so the torus T n = S1 × · · · × S1 ⊂ Cn is also
Lagrangian.
(3) Let V = {z ∈ CPn | p(z) = 0} be a smooth submanifold in complex projective space
given as the zero set of a homogenous polynomial (a smooth projective variety). Then the
real part V
R
= {x ∈ RPn | p(x) = 0} is a Lagrangian submanifold of V . An example is
RPn ⊂ CPn itself.
FLOER HOMOLOGIES 37
(4) If L ⊂ (M,ω) is Lagrangian and ϕ is a symplectomorphism of (M,ω), then ϕ(L)
is Lagrangian. In particular, the graph Γϕ = {(x, ϕ(x)) | x ∈ M} of any symplectomor-
phism ϕ of M is a Lagrangian submanifold of (M ×M,ω ⊕ (−ω)). ✸
The Lagrangian submanifolds are (together with energy surfaces) the most interesting
submanifolds of symplectic manifolds for several reasons. One reason is that these are the
submanifolds that exhibit “symplectic rigidity”. Another reason is that many problems
in symplectic geometry and dynamics can be reformulated as problems on Lagrangian
submanifolds,
(5.4) “Everything is a Lagrangian submanifold” [199]
We shall see examples for both reasons in § 7.
Recall from the end of Section 3 that for every Hamiltonian diffeomorphism φH of T
∗S1,
the image φH(S
1) of the zero section intersects S1 in at least two points (and there need be
no intersection points for an arbitrary symplectic diffeomorphism). Now let Q be any closed
smooth manifold, and let φH be a Hamiltonian diffeomorphism of T
∗Q. If φH is C
1-small,
then φH(Q) is the graph {(q, α(q))} of a 1-form α on Q. Since φH is symplectic, the 1-form
α is closed, and since φH is Hamiltonian, α is even exact: α = df for a smooth function
f : Q→ R. Now assume that φH(Q) and Q intersect transversally. This is equivalent to f
being a Morse function. Hence the Morse inequalities from Theorem 2.1 imply that
(5.5) #(φH(Q) ∩Q) >
n∑
k=1
bk(Q).
Arnol’d conjectured that this estimate holds even without the smallness assumption on φH .
Arnol’d conjecture for Lagrangian intersections in T ∗Q. Let Q be a closed n-
dimensional manifold, and let φH be any Hamiltonian diffeomorphism of T
∗Q such that
φH(Q) and Q intersect transversally. Then (5.5) holds true.
Let L be a Lagrangian submanifold of an exact symplectic manifold (M,ω = dλ). Then
ω|L = dλ|L = 0, and hence the restriction of λ to L is closed. If λ|L happens to be exact,
then L is said to be an exact Lagrangian submanifold. Every Lagrangian submanifold L
with vanishing first cohomology group is necessarily exact. Examples in (T ∗Q, ωcan =
dλcan) are graphs of exact 1-forms and, more generally, the image φH(Q) of Q under a
Hamiltonian diffeomorphism. Arnol’d conjectured in [21] that there are no other examples:
Arnol’d nearby Lagrangian conjecture. Every closed exact Lagrangian submanifold L
in the cotangent bundle (T ∗Q, ωcan = dλcan) of a closed manifold Q is the image of the zero
section Q under a Hamiltonian diffeomorphism.
It is a nice and simple exercise to check the conjecture for Q = S1 (cf. Figure 3.1).
Legendrian submanifolds. These are the analogues of Lagrangian submanifolds for con-
tact manifolds. A Legendrian submanifold of a contact manifold (Y, ξ) of dimension 2n+1
is an n-dimensional submanifold that is everywhere tangent to ξ. Examples are the fi-
bres S∗qQ of a spherisation (S
∗Q, ξcan). A compact connected Legendrian submanifold in a
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three-dimensional contact manifold is called a Legendrian knot. Given a contact form
λ for ξ, a Reeb chord of a Legendrian knot k is a trajectory of the Reeb vector field
starting and ending on k, i.e., a path γ : [0, T ]→ Y for some T > 0 with γ˙(t) = Rλ(γ(t))
and γ(0), γ(T ) ∈ k. Here are two examples.
1. For any point q on a closed surface Σ with Riemannian metric g there exists a (non-
constant) geodesic starting and ending at q. In contact dynamical terms, this statement
generalizes to: Given a point q in the base of the contact manifold (S∗Σ, ξcan) and given
any contact form λ for ξcan there exists a Reeb chord for the Legendrian knot S
∗
qΣ.
2. Take a Legendrian knot k in the standard contact manifold (R3, dz + xdy), with
a regular parametrisation on [0, 1]. The Legendrian condition (dz + xdy)(k˙(t)) = 0 is
z˙(t) = −x(t)y˙(t) for all t. The projection kπ(t) = (x(t), y(t)) to the xy-plane is thus an
immersed curve, whose signed area
∫
k
xdy = −
∫
k
dz = 0 vanishes. Let q := kπ(t1) = kπ(t2)
be a self-intersection point, with t1 6= t2 such that z(t1) < z(t2). Since the Reeb vector
field is just ∂
∂z
, the straight line from (q, z(t1)) to (q, z(t2)) is then a Reeb chord for k.
Based on these examples, Arnol’d conjectured in [21, §8] the following relative version
of the Weinstein conjecture:
Arnol’d chord conjecture. Every Legendrian knot in R3 with the standard contact struc-
ture ker(dz + xdy) has a Reeb chord, for every contact form for this contact structure.
Symplectic embedding problems. By “symplectic rigidity” one means results that
show that (certain) symplectic mappings are more rigid than volume preserving or smooth
mappings. One example is the Lagrangian intersection phenomenon addressed in the
previous section. Another one is the rigidity of mappings between symplectic manifolds.
For simplicity we restrict to simply connected domains in (R2n, ω0). When are two such
sets U and V symplectomorphic? An obvious necessary condition is that U and V have the
same total volume Vol(U) = 1
n!
∫
U
ωn0 , since symplectomorphisms are volume-preserving,
ϕ∗(ωn0 ) = (ϕ
∗ω0)
n = ωn0 .
Are there other conditions? Similarly, a symplectic embedding ϕ : U → V can only exist if
Vol(U) 6 Vol(V ). It is not hard to see that for volume preserving embeddings, this is the
only obstruction [169]. Symplectic mappings, however, are much more rigid, as was first
shown by Gromov in his famous non-squeezing theorem from [98].
Theorem 5.5 (Non-squeezing). EndowR2n ∼= Cn with the standard symplectic structure
ω0. If 0 < a < A then one cannot symplectically embed the ball
B2n(A) := {(z1, . . . , zn) ∈ C
n |
n∑
j=1
π|zj|
2 < A}
into the cylinder
Z2n(a) := {(z1, . . . , zn) ∈ C
n | π|z1|
2 < a}.
Hence there is no symplectic embedding of a ball into a cylinder that “does a better
job” than the inclusion. Gromov’s original proof of this result is based on J-holomorphic
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curves, the same objects that a few years later Floer modified in order to attack the
Arnol’d conjecture, as we have seen in Section 4. Other proofs are based on existence
results for periodic Hamiltonian orbits, and in Section 6.5 we shall give a proof based on
Floer homology, that intertwines J-holomorphic curves with periodic orbits.
In order to get a feeling on how periodic Hamiltonian orbits can be used to prove rigidity
results as the above one, let us prove here the following weaker version of Gromov’s non-
squeezing theorem: There is no smooth path {φt}t∈[0,1] of Hamiltonian diffeomorphisms of
(R2n, ω0) such that φ
0 = id and
φt(B2n(π)) ⊂ Z2n(a(t)) ∀ t ∈ [0, 1]
for some function a : [0, 1] → (0,+∞) with a(0) = π and a′(0) < 0. In other words, we
cannot instantaneously squeeze a ball of radius 1 into a thinner cylinder by means of a
Hamiltonian deformation.
LetHt be the time-dependent Hamiltonian on R
2n whose flow is the path φt and consider
the function
K : Cn → R, K(z1, . . . , zn) = π|z1|
2.
If z ∈ B2n(π), then the condition on φt implies that K(φt(z)) 6 a(t) for all t ∈ [0, 1]. If z
belongs to the circle
Γ = {(z1, 0, . . . , 0) | |z1| = 1}
then K(φ0(z)) = K(z) = π. For such a z, the real function K(φt(z)) does not exceed a(t)
and coincides with it for t = 0. Therefore
d
dt
K(φt(z))
∣∣∣
t=0
6
d
dt
a(t)
∣∣∣
t=0
= a′(0) < 0.
This quantity can be written as
d
dt
K(φt(z))
∣∣∣
t=0
= dK(z)[XH0(z)] = −ω0(XK(z), XH0(z)) = ω0(XH0(z), XK(z))
= −dH0(z)[XK(z)].
Now notice that Γ is the image of a periodic orbit of the Hamiltonian flow given by
the Hamiltonian K. Then the fact that the above quantity is negative tells us that the
function H0 increases strictly along this periodic orbit, which is of course impossible. This
contradiction proves the claim.
Here, the presence of a periodic orbit for the Hamiltonian K obstructs the possibility
of instantaneously squeezing B2n(π) into a cylinder Z2n(a) with a < π. So it will be not
so surprising that more powerful tools to deal with Hamiltonian periodic orbits, such as
Floer homology, are capable to prove much deeper rigidity results.
Historical notes and bibliography. Hamiltonian flows and even the concept of a sym-
plectic form were known to Lagrange, see [15] for a discussion. After the introduction
of important new concepts by Poincare´, the geometrisation of classical mechanics (by the
introduction of notions such as Lagrangian and Legendrian submanifolds) is largely due to
Arnol’d [20, 22]. Gromov’s introduction of J-holomorphic curves to symplectic geometry
in [98] and Floer’s creation of his homology can be seen as higher levels of geometrisation
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of classical mechanics. Contact geometry has its origins in Huygens’ work on geometric
optics. The study of contact structures was initiated by Eliashberg in [62], and Hofer’s
compactness theorem in symplectisations from [103] opened the door for studying contact
dynamics by J-holomorphic curves and Floer homology.
Excellent books covering all basic aspects of Hamiltonian dynamics and symplectic ge-
ometry are [109] and [136], where the focus of the first text is more on dynamics while
the one of the second text is more on topology. The book [88] is the classic reference for
contact geometry.
The Weinstein conjecture goes back to the old question in Hamiltonian dynamics whether
an energy level H−1(c) admits periodic orbits. This conjecture was (together with the
Arnol’d conjecture) an important driving force in the development of symplectic and con-
tact dynamics. There are examples of compact hypersurfaces in (R2n, ω0) without periodic
orbits, see [91, 100], but Weinstein [196] and Rabinowitz [163] proved that on every convex
resp. starshaped hypersurfaces in R2n there is a closed characteristic (see also [50] for a
more elegant proof of the Weinstein conjecture for convex hypersurfaces). ‘Starshaped’ is
not a symplectically invariant notion. Weinstein thus looked for a symplectically invariant
notion and formulated his conjecture in [197] for compact hypersurfaces of contact type
in arbitrary symplectic manifolds. Weinstein also made the assumption H1(S;R) = 0 on
the hypersurface, which however played no role in any of the subsequent proofs. This
form of the Weinstein conjecture was proved by Viterbo [191] in R2n, see Section 6.1 for
a Floer homology proof, and by Hofer and Viterbo [106] in spherisations (S∗Q, ξcan), cf.
Section 6.3, thereby generalizing the Lusternik–Fet theorem on the existence of a closed
geodesic on any closed Riemannian manifold.
Now, by ‘Weinstein conjecture’ one usually means the existence of a periodic orbit for
any Reeb vector field on a closed contact manifold. This extended Weinstein conjecture
has been proved in several cases, but in full generality only in dimension three: Hofer [103]
proved the conjecture for S3 and for all closed contact 3-manifolds whose second homotopy
group does not vanish, and the latter condition was removed by Taubes [183], cf. the notes
to Section 8. A survey on the Weinstein conjecture is given in [92].
6. Symplectic invariants from Floer homology: symplectic homology
Shortly after the birth of Floer homology, Floer and Hofer realized that this theory can
be used not only to prove existence statements about periodic Hamiltonian orbits, but also
to construct symplectic invariants and hence to address rigidity questions in symplectic
geometry. In this section we review the simplest version of symplectic homology, a theory
which uses Floer homology to attach non-trivial invariants to certain symplectic manifolds
with boundary. We will present the version of symplectic homology due to Viterbo which
is defined for Liouville domains. We then apply this Floer homology to prove the Weinstein
conjecture in R2n, to show that there are no closed exact Lagrangian submanifolds in R2n,
and to prove the non-squeezing theorem.
6.1. Outline of the construction. Let (M,λ) be a Liouville domain. We shall also
assume that the first Chern class of TM vanishes identically, so that every Hamiltonian
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periodic orbit on M has a well-defined Conley–Zehnder index. We would like to define the
symplectic homology of (M,λ) as the homology of the Hamiltonian Floer complex given by
an autonomous Hamiltonian H on the completion M̂ of (M,λ) which vanishes identically
on M and is a function of the radial variable ρ on M̂ \M ,
H = h(ρ) ∀ρ > 1,
where h : [1,+∞)→ R is a function such that h′′(ρ) > 0 for ρ > 1,
(6.1) h(1) = h′(1) = 0 and lim
ρ→+∞
h′(ρ) = +∞.
Notice that by the exactness of ω, we can use the expression (4.1) for the action functional
and deal with the whole loop space of M̂ , and not just with the component consisting of
contractible loops. Let us see what the 1-periodic orbits of XH and their action are. All
the points in M are critical points of H with H = 0, and hence stationary solutions of XH
with vanishing action. On the set M̂ \M = (1,+∞)× ∂M , the Hamiltonian vector field
of H has the form
XH(ρ, x) = h
′(ρ)Rα(x),
where Rα is the Reeb vector field of the contact form α = λ|∂M . Therefore, a periodic
orbit x of Rα of (not necessarily minimal) period T > 0 gives a 1-periodic orbit of XH of
the form
(6.2) t 7→
(
ρ, x(T t)
)
,
where ρ > 1 is the unique solution of the equation h′(ρ) = T . Indeed, the existence of such
a solution ρ follows from (6.1) and its uniqueness from the strict monotonicity of h′. An
easy computation shows that this 1-periodic orbit has action
AH = ρ h
′(ρ)− h(ρ).
The derivative of this function with respect to ρ is ρ h′′(ρ), and we deduce that AH is
positive at these 1-periodic solutions and increases monotonically with ρ. We conclude
that there is a one-to-one correspondence between the periodic orbits of Rα on ∂M of
arbitrary period and the 1-periodic orbits of XH in the set M̂ \M , and the function Period
7→ Action associated to this correspondence is a strictly increasing positive function.
The Hamiltonian H does not quite fit in the class of Hamiltonians for which we de-
fined the Floer complex in Section 4. The first missing property is the non-degeneracy
assumption: The 1-periodic orbits belonging to the continuum of constant solutions in M
are certainly degenerate, and also all the non-constant ones, since H is autonomous. This
issue can be fixed by perturbing H by a small time-periodic function. Here we shall simply
ignore this issue and pretend that we can work with the Hamiltonian H defined above. We
just mention that if one assumes the Reeb vector field Rα to be non-degenerate, meaning
that 1 is not an eigenvalue of the restriction of the linearisation of the autonomous Reeb
flow to a transverse section, then one can arrange this perturbation in such a way that
every T -periodic orbit of Rα produces exactly two 1-periodic orbits of the Hamiltonian
system on M̂ which are close to (6.2).
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Furthermore, the underlying symplectic manifold M̂ in this case is not compact. How-
ever, the above computation of the space of 1-periodic orbits of XH shows that the critical
set of AH intersected with an arbitrary sublevel {AH 6 a} is compact. Indeed, an upper
bound for the action of a periodic orbit of the form (6.2) gives an upper bound for the
period of the corresponding closed Reeb orbit x. So, after perturbing H in order to make
it non-degenerate, we will have finitely many 1-periodic orbits in any action sublevel.
What remains to be checked is that for every pair of critical points x and y of AH
on C∞(T, M̂), the images of the maps in the moduli spaces M̂H,J(x, y) are contained in
some compact subset of M̂ . Indeed, once this is guaranteed, the compactness theory works
as in the case of a closed manifold M , because ω certainly vanishes on π2(M̂), since it is
exact.
This compactness result can be achieved by a proper choice of behaviour of the almost
complex structure J on M̂ \M : The condition is that the family of time-dependent ω-
compatible almost complex structures Jt satisfies
(6.3) dρ ◦ Jt = λ,
for ρ > ρ0, where ρ is again the coordinate of the first component in the product (1,+∞)×
∂M ∼= M̂ \M and ρ0 is some positive number. Indeed, this assumption implies that for
every solution u of the Floer equation (4.6) the real valued function ρ = ρ ◦ u satisfies
∆ρ =
∥∥∥∥∂u∂s
∥∥∥∥2
Jt
+ ρ h′′(ρ)
∂ρ
∂s
in the region of R × T in which ρ > ρ0. Then, the maximum principle implies that this
function cannot have interior maxima in this region, and hence ρ ◦ u is everywhere not
larger than the maximum of ρ0 and the values of ρ at the two asymptotic periodic orbits
(in case that they lie in M̂ \M). This is the point where the crucial assumption that the
boundary of M is of contact type is used.
Now we can define the Floer complex {CFk(H), ∂k} exactly as in the case of a closed
symplectic manifold, with the only difference that CFk(H) may be infinitely generated
for some k: Even after perturbing H in order to achieve non-degeneracy, it may happen
thatXH has a sequence of 1-periodic orbits with the same Conley–Zehnder index and action
going to +∞. The boundary ∂x of every 1-periodic orbit x is nevertheless well-defined,
because MH,J(x, y) can be non-empty only for the finitely many 1-periodic orbits y with
action less than AH(x).
The homology of the Floer complex of H is independent of the choices made. It is
called the symplectic homology of the Liouville domain M and is denoted by SH∗(M).
This homology is rather stable: For instance, it does not change if we smoothly vary the
symplectic form in such a way that ∂M remains of contact type along this deformation.
Moreover, symplectic homology comes with an important homomorphism
c∗ : H∗+n(M, ∂M) → SH∗(M),
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whose definition we now briefly discuss. Recall that the critical set of the unperturbed
action functional AH consists of the constant loops in M , which have action zero, and
non-constant 1-periodic orbits, which are produced by the closed orbits of Rα and have
positive action bounded away from zero, say larger than 2ε. When we perturb the Hamil-
tonian H in order to achieve non-degeneracy, we may assume the new Hamiltonian H˜
to be autonomous, C2-small on M , where we are actually perturbing the zero function,
negative on the interior of M and vanishing on ∂M . If the perturbation is small enough,
all the new critical points of AH˜ with action less than ε are just critical points of H˜ in M .
By the same argument which leads to the computation of Floer homology for C2-small
autonomous Hamiltonians on closed manifolds, the subcomplex of CF∗(H˜) generated by
critical points of AH˜ with action less than ε is just the Morse complex of −H˜ , shifted
by n. By the properties of H˜ , the homology of this Morse complex is isomorphic to the
relative singular homology H∗(M, ∂M), since the negative gradient of −H˜ is pointing in
the outward direction on ∂M . The natural homomorphism induced at the homology level
by an inclusion of chain complexes gives us the map c∗.
Notice that the above homomorphism is an isomorphism if and only if the above sub-
complex coincides with the whole complex CF∗(H˜), and this happens if and only if Rα
has no closed orbits on ∂M . Therefore, whenever c∗ is not an isomorphism, the Weinstein
conjecture holds true:
Theorem 6.1. Let (M,λ) be a Liouville domain such that c∗ is not an isomorphism. Then
the Reeb flow of λ|∂M on ∂M has closed orbits.
It is not difficult to show that the symplectic homology of a ball in R2n vanishes, and
from the stability properties of symplectic homology one deduces that the same is true
for any starshaped domain in R2n. In particular, c∗ is the zero map when M is such a
domain, and since H∗(M, ∂M) 6= 0, the Weinstein conjecture holds true for starshaped
domains in R2n, a result which as already mentioned was first proved by Rabinowitz [163]
by variational methods.
Actually, the above argument is quite flexible and permits to prove the Weinstein con-
jecture in greater generality, see [193, Theorem 4.1]. For instance, symplectic homology
vanishes for all subcritical Stein domains, that is, 2n-dimensional Stein domains whose
defining plurisubharmonic function has only critical points of Morse index strictly less
than n (while an arbitrary plurisubharmonic function might have critical points of Morse
index up to n). From this fact one can deduce that the Weinstein conjecture holds true
for any contact type hypersurface bounding a compact set in a subcritical Stein manifold.
6.2. Viterbo functoriality. Another important feature of symplectic homology for Li-
ouville domains is that it is functorial with respect to Liouville embeddings. A Liouville
embedding of the Liouville domain (M ′, λ′) into the Liouville domain (M,λ) is an embed-
ding ı : M ′ →֒ M of codimension zero such that
ı∗(λ) = cλ′ + df
44 ALBERTO ABBONDANDOLO AND FELIX SCHLENK
for a positive constant c and a smooth function f : M ′ → R. A Liouville embedding
ı : M ′ →֒ M induces a homomorphism
SH∗(ı) : SH∗(M)→ SH∗(M
′)
which is functorial with respect to composition of embeddings and invariant under isotopies
of Liouville embeddings. This homomorphism should be considered as a transfer or shriek
map, analogous to the homomorphism which arises in the Gysin sequence of a fiber bundle.
It is called Viterbo transfer map. The Viterbo transfer map behaves well with respect to
the map c∗, meaning that the diagram
H∗+n(M, ∂M)
ı!
−−−→ H∗+n(M
′, ∂M ′)
c∗
y yc∗
SH∗(M)
SH∗(ı)
−−−−→ SH∗(M
′)
commutes. Here, the shriek map ı! is the composition
H∗+n(M, ∂M) ∼= H
n−∗(M)
ı∗
−→ Hn−∗(M ′) ∼= H∗+n(M
′, ∂M ′),
where the two isomorphisms are given by Poincare´ duality. The construction of the map
SH∗(ı) uses suitable 1-parameter families of Hamiltonians and an algebraic counting of the
solutions of the corresponding s-dependent Floer equation.
6.3. The symplectic homology of cotangent disc bundles. So far we have seen only
examples of Liouville domains with vanishing symplectic homology. Now we wish to com-
pute the symplectic homology of a fiberwise starshaped domain in the cotangent bundle
of a closed manifold Q and show that it is far from being zero. By the invariance prop-
erties of symplectic homology, all these domains have the same symplectic homology and
it is enough to consider the unit cotangent disc bundle D∗Q which is induced by a Rie-
mannian metric on Q. The relevant Hamiltonian now is a convex radial function which is
identically zero on D∗Q and grows superlinearly outside of D∗Q. After a time-dependent
perturbation, which is in any case necessary to have non-degeneracy of 1-periodic orbits,
we may assume that H ∈ C∞(T × T ∗Q,R) is fiberwise strictly convex and superlinear.
This is an interesting class of Hamiltonians on cotangent bundles, which are called Tonelli
Hamiltonians and behave well with respect to the Legendre transform. It is actually useful
to strengthen the fiberwise convexity by asking that
dppH(t, q, p)[ξ, ξ] > ε|ξ|
2
for some ε > 0 and that H does not grow more than quadratically in p. Under these
assumptions, the Legendre dual Lagrangian L : T× TQ→ R, which is defined by
(6.4) L(t, q, v) := max
p∈T ∗q Q
(
p(v)−H(t, q, p)
)
,
has the same qualitative properties. The Legendre transform
(t, q, p) 7→
(
t, q, dpH(t, q, p)
)
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induces a one-to-one correspondence between the 1-periodic orbits of XH and those of the
Euler–Lagrange equations of the Lagrangian action functional
SL(q) =
∫
T
L(t, q, q˙) dt, q ∈ C∞(T, Q).
In other words, there is a one-to-one correspondence between the critical points of AH
and SL. The critical points of SL have finite Morse index, which agrees with the Conley–
Zehnder index of the corresponding Hamiltonian orbits. Moreover, SL is bounded from
below and satisfies the Palais–Smale condition on the Hilbert manifold H1(T, Q) of loops
of Sobolev class H1 on Q. Therefore, SL has a well-defined Morse complex {CM∗(SL), ∂},
whose homology is the singular homology of H1(T, Q), or equivalently the singular homo-
logy of the homotopically equivalent free loop space C∞(T, Q). The natural identifications
CMk(SL) ∼= CFk(H)
make it plausible that the Floer homology of (T ∗Q,H) is also isomorphic to the singular
homology of C∞(T, Q). But this is by no means obvious, since the boundary operators
in the Floer homology of (T ∗Q,H) and in the Morse homology of SL on H
1(T, Q) have
quite different definitions. Nevertheless, it is possible to prove that the Floer complex
of (T ∗Q,H) and the Morse complex of SL on H
1(T, Q) are isomorphic.
The proof of this fact is based on a better understanding of the relationship between
the Hamiltonian and the Lagrangian action functionals. In order to compare these two
functionals, it is convenient to read the former on the loop space of TQ by means of the
global diffeomorphism
L : C∞(T, TQ)→ C∞(T, T ∗Q), (q, v) 7→
(
q, dvL(·, q, q˙ + v)
)
,
which is induced by the Legendre transform. Here q denotes a loop in Q and v is a loop
of tangent vectors with v(t) ∈ Tq(t)Q for all t ∈ T. Legendre duality and Taylor’s formula
imply the identity
AH(L(q, v)) = SL(q)− U(q, v),
where U is the following functional on C∞(T, TQ):
U(q, v) =
∫
T
∫ 1
0
s dvvL(t, q, q˙ + sv)[v, v] ds dt.
The functional U vanishes on the loops of the form (q, 0), that is, loops taking values in the
zero section of TQ. Everywhere else it is positive and grows quadratically in v. Therefore,
U behaves like the functional (q, v) 7→ ‖v‖2L2(T).
We may think of C∞(T, TQ) as a vector bundle over C∞(T, Q):
Π: C∞(T, TQ)→ C∞(T, Q), (q, v) 7→ q.
In this picture, AH ◦ L agrees with SL on the zero section of this bundle, and on each
fiber it restricts to a concave functional achieving its maximum at zero. It is not difficult
to define a negative gradient flow for AH ◦ L which leaves the zero section invariant,
agrees on the zero section with the negative gradient flow of SL, and commutes with the
bundle projection. Actually, for this we need to replace the space C∞(T, Q) by its Sobolev
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completion H1(T, Q), but let us ignore this issue and pretend that we can work with spaces
of smooth loops. All the critical points of AH ◦ L are contained in the zero section, their
stable manifolds are also contained there and agree with the (infinite dimensional) stable
manifolds of −∇SL, while their unstable manifolds are the inverse images by Π of the
(finite dimensional) unstable manifolds of −∇SL. This implies that the Morse complex of
this negative gradient flow is well-defined and agrees with the Morse complex of SL, since
intersections between stable and unstable manifolds occur only in the zero section.
Now we can push this negative gradient flow forward to C∞(T, T ∗Q), and we end up
in the following situation: The functional AH on C
∞(T, T ∗Q) has two negative gradient
equations. The first is the one just described: it gives a genuine flow and the corresponding
Morse complex is just the Morse complex of SL. We may call this flow
ψs : C∞(T, T ∗Q)→ C∞(T, T ∗Q).
The second one is the Floer negative gradient equation, which induces no flow but defines
nevertheless the Floer complex of H .
When a functional has two different gradient equations, it is to be expected that their
Morse complexes (or Floer complexes, if these equations have no well-defined flow) are
isomorphic. A standard way of seeing this is to build a chain map between them which,
given two critical points x and y, counts the continuous paths u(s), s ∈ R, from x to y
which on (−∞, 0) satisfy the first negative gradient equation and on (0,+∞) the second
one. Indeed, this construction defines a chain map Φ between the two chain complexes
which is of the form
Φx = x+
∑
y
ν(x, y) y,
where the critical points y appearing in the sum have function level lower than the function
level of x. Homomorphisms of this form are readily seen to be isomorphisms.
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Figure 6.1. An element of MΦ(x, y), seen in T
∗Q and in C∞(T, T ∗Q)
Let us see what this procedure gives us when the first negative gradient equation is
the one inducing the flow ψs and the second is the Floer equation. Let x and y be
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critical points of AH . The above recipe tells us that we should consider the space of paths
u : [0,+∞)→ C∞(T, T ∗Q) which solve the Floer equation, converge to y for s→ +∞ and
for s = 0 belong to the unstable manifold of x with respect to the flow ψs. By construction,
this is the image under L of the sets
Π−1
(
W u(x;−∇SL)
)
.
By the form of L, this is just the inverse image ofW u(x;−∇SL) under the bundle projection
C∞(T, T ∗Q) 7→ C∞(T, Q). In other words, the relevant moduli spaces for the construction
of the isomorphism
(6.5) Φ: CM∗(SL)→ CF∗(H)
are the sets
MΦ(x, y) := {u : [0,+∞)×T→ T
∗Q | u solves the Floer equation for H,
lim
s→+∞
u(s, ·) = y, π ◦ u(0, ·) ∈ W u(x;−∇SL)},
where π : T ∗Q → Q is the bundle projection. Actually, at this point one can forget
about the heuristic arguments which brought us to the above definition of the moduli
space MΦ(x, y) and, after a careful analysis of their differentiable and compactness prop-
erties, use them to define an isomorphism Φ from the Morse complex of SL to the Floer
complex ofH . This implies that the symplectic homology of the cotangent disc bundle D∗Q
is isomorphic to the singular homology of the free loop space of Q:
(6.6) SH∗(D
∗Q) ∼= H∗(C
∞(T, Q)).
By looking at low values of the action, one can prove that the map
c∗ : H∗+n(D
∗Q, ∂D∗Q) −→ SH∗(D
∗Q) ∼= H∗(C
∞(T, Q))
is the injective homomorphism given by the composition
H∗+n(D
∗Q, ∂D∗Q) ∼= H∗+n(T
∗Q, ∂T ∗Q \Q) −→ H∗(Q) −→ H∗(C
∞(T, Q)),
where the first arrow is the Thom isomorphism (the cap product with the Thom class of
the vector bundle T ∗Q) and the second one is induced by the inclusion of Q into its loop
space as the set of constant loops. The fact that this inclusion has a left inverse implies
that the homomorphism which it induces in homology is injective.
Actually, there is an issue with orientations in Floer theory which makes the existence of
the isomorphism (6.6) true only if one works with Z2 coefficients, or if one assumes that the
second Stiefel–Whitney class of Q vanishes on tori. In general, the symplectic homology of
a starshaped domain in T ∗Q is isomorphic to the singular homology of the free loop space
of Q with a suitable local system of coefficients.
6.4. An obstruction to the existence of Lagrangian submanifolds. In the same
paper [98] where he proved the non-squeezing theorem, Gromov used J-holomorphic disks
to prove that (R2n, ω0 = dλ0) admits no compact exact Lagrangian submanifold. Using
what we have seen of symplectic homology we can easily prove the following generalisation
of Gromov’s result:
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Theorem 6.2. A Liouville domain with vanishing symplectic homology admits no compact
exact Lagrangian submanifold.
This result applies, for instance, to subcritical Stein domains, and hence to subcritical
Stein manifolds. The proof goes as follows: If L is a compact Lagrangian submanifold of
the Liouville domain (M,λ), then a theorem of Weinstein tells us that there is a symplectic
embedding ı of a (small) cotangent disc bundle D∗L onto a neighbourhood of L, mapping
the zero section onto L. By the exactness of L, the 1-forms ı∗(λ) and λcan on D
∗L differ by
a differential, so ı is a Liouville embedding. The induced Viterbo transfer map determines
the commutative diagram
H∗+n(M, ∂M)
ı!
−−−→ H∗+n(D
∗L, ∂D∗L)
c∗
y yc∗
SH∗(M)
SH∗(ı)
−−−−→ SH∗(D
∗L).
(6.7)
Here and in what follows we use Z2 coefficients. Since we assume that the symplectic
homology of M vanishes, the composition of the left vertical map with the bottom hori-
zontal one is zero. However, ı! is an isomorphism in degree ∗ = n, and the right vertical
map does not vanish in that degree, since, as we have seen, it corresponds to the injective
homomorphism
H2n(D
∗L, ∂D∗L) ∼= Hn(L) −→ Hn(C
∞(T, L)) ∼= SHn(D
∗L),
which is induced by the inclusion L →֒ C∞(T, L). This contradiction proves the theorem.
Again, the fact that symplectic homology can be defined in a more general setting implies
more general versions of the above theorem, see e.g. [193, Theorem 4.3].
6.5. Obstructions to symplectic embeddings. In order to extract from symplectic
homology invariants that are monotone with respect to Liouville embeddings, and thus
have the potential to detect obstructions to symplectic embeddings, we filter symplectic
homology by action: Given a real number a > 0 and a non-degenerate Hamiltonian H : T×
M → R on the Liouville domain M let CritaAH = {x ∈ CritAH | AH(x) 6 a} and let
CFa(H) be the vector space generated by CritaAH . Since the action AH does not increase
along solutions u of its negative gradient equation (4.6), the boundary operator ∂ maps
CFa(H) to itself. We thus obtain for every a the filtered Floer homology groups HFa(H),
and for H close to zero on M and a sufficiently steep function of ρ on the symplectisation
part we obtain the symplectic homology groups SHa∗(M). They can be seen as the Floer
homology built from the critical points of H in M and pairs of Reeb orbits on ∂M of
action 6 a. The maps c∗ and the Viterbo transfer maps SH∗(ι) are compatible with the
action filtration. In particular, the commutative diagram (6.7) for Liouville embeddings
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M ′ →֒ M can be refined to the diagrams
H∗+n(M, ∂M)
ı!
−−−→ H∗+n(M
′, ∂M ′)
c∗
y yc∗
SHa∗(M)
SH∗(ı)
−−−−→ SHa∗(M
′)
Now define γ(M) ∈ [0,+∞] by
(6.8) γ(M) = inf {a > 0 | cn : H2n(M, ∂M)→ SH
a
n(M) vanishes} ,
where the infimum of the empty set is +∞. Notice that γ(M) is finite when the natural
homomorphism c∗ vanishes, and in particular when SH∗(M) = 0. Since ι! is an isomorphism
for ∗ = n and since γ(M) is a symplectic invariant, the above diagram with ∗ = n shows
that γ is monotone with respect to Liouville embeddings.
Recall from the construction of the maps c∗ that they are isomorphisms if a is smaller
than the action of the shortest Reeb orbit on ∂M . Hence γ(M) is not smaller than this
number. As we shall see shortly, for ellipsoids the converse is also true.
To better see the meaning of the number γ(M), take asM a starshaped domain U ⊂ R2n,
and in the construction of SHa∗(U) take Hamiltonians that have exactly one critical point x0
(the minimum) at 0. This critical point generates H2n(U, ∂U) and his action is close to zero,
while all other periodic orbits of H have larger action. Hence γ(U) is the smallest value a
such that x0 is the boundary of a linear combination of orbits of H of Conley–Zehnder
index n+ 1 all of whose actions are 6 a.
Now take as U an ellipsoid E(a1, . . . , an) with a1 < · · · < an rationally independent,
see (5.1). One can then choose the relevant Hamiltonians H such that there exists exactly
one periodic orbit x of index n+ 1, whose action is ≈ a1, and such that ∂x = x0, see [79].
(That ∂x = x0 also follows from the general fact that SH∗(U) vanishes for starshaped
domains in R2n.) Hence
(6.9) γ(E(a1, . . . , an)) = a1.
This yields a proof of Gromov’s non-squeezing theorem 5.5: Assume that there exists
a symplectic embedding ϕ : B2n(a) → Z2n(b) and fix ε > 0. We then find irrational
ellipsoids E := E(a1, . . . , an) and E
′ := E(b1, . . . , bn) such that a − ε < a1 < · · · < an < a
and b = b1 < b2 < · · · < bn and ϕ(E) ⊂ E
′. By (6.9) and by the monotonicity of γ,
a1 = γ(E) 6 γ(E
′) = b, and so a 6 b+ ε. Since this holds for all ε > 0, the claim follows.
6.6. Rabinowitz–Floer homology. We consider a compact hypersurface Σ bounding a
compact domain U in an exact symplectic manifold (M,λ). Recall from Section 6.1 that
one can find closed characteristics on Σ by taking Hamiltonian functions that are very flat
on U and very steep on the symplectisation part Û \ U . Rabinowitz–Floer homology is a
variant of Floer homology that finds closed characteristics on Σ in a different way, namely
by using a Lagrangian multiplier.
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Critical points of a function f : Rn → R restricted to a constraint hypersurface {x ∈
R
n | g(x) = 0} can be found by looking at the function
F (x, η) = f(x) + η g(x)
on Rn × R, whose critical points are those (x, η) with g(x) = 0 and df(x) + η dg(x) = 0.
Given an autonomous Hamiltonian function H : M → R with H−1(0) = Σ we thus look at
the action functional AH : C
∞(T,M)×R defined by
(6.10) AH(x, η) =
∫
T
x∗λ− η
∫
T
H(x(t)) dt.
Its critical points (x, η) are the solutions of the problem
x˙(t) = η XH(x(t)), 0 =
∫
T
H(x(t)) dt,
and therefore correspond to closed orbits of XH on the fixed energy surface Σ = H
−1(0)
of arbitrary period |η| > 0.
The Floer homology of this functional is called Rabinowitz–Floer homology RFH(Σ,M).
The new difficulty in its construction is to establish a uniform bound on the Lagrangian
multiplier η along the solutions of the Floer equation between two critical points. A
particularly interesting application of RFH are lower bounds for leafwise intersection points:
Let γ be a characteristic on Σ = H−1(0), and assume that an integral curve x(t) of the
Hamiltonian vector field XH calmly moves along γ, but that at time t = 0 an “earthquake”
happens, during time 1, given by a time-dependent Hamiltonian function F . Under this
new force, our curve x(t) will in general leave its usual trajectory γ and even its energy
surface Σ. Is it possible that nonetheless x(1) is back on the curve γ, as if the earthquake
had not happened? Such a point x(1) is called a leafwise intersection. Leafwise intersection
points are the critical points of the action functional obtained by adding to (6.10) the term
−
∫
T
Ft(x(t)) dt, and so the Rabinowitz–Floer homology of this functional leads to lower
bounds of the number of leafwise intersection points, at least if the earthquake is not too
strong. Denote by cl(Σ,M) the maximal length of a cup product of elements of positive
degree in H∗(M ;Z2) whose restriction to Σ does not vanish.
Theorem 6.3. Let Σ be a compact and bounding hypersurface of contact type in the exact
symplectic manifold (M,λ). Denote by p > 0 the smallest period of a closed Reeb orbit
on (Σ, λ|Σ) that is contractible in M . Let F : M × [0, 1] → R be a compactly supported
function such that ∫ 1
0
(
max
x∈M
F (x, t)−min
x∈M
F (x, t)
)
dt < p.
Then the number of leafwise intersection points on Σ is
(i) at least 1 + cl(Σ,M);
(ii) at least dimH(Σ;Z2) for generic F .
The example of a circle in the plane, that can be displaced by Hamiltonian diffeomor-
phisms, shows that the smallness assumption on F cannot be omitted.
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Historical notes and bibliography. Symplectic homology was first introduced by Floer
and Hofer in [77] and further developed, also jointly with Cieliebak and Wysocki, in [79,
41, 42]. This first version of symplectic homology applies to open subsets of (R2n, ω0), or of
more general symplectic manifolds with contact type boundary. Among its applications are
the symplectic classification of ellipsoids and polydiscs: E(a1, . . . , an) and E(b1, . . . , bn) are
symplectomorphic only if {a1, . . . , an} = {b1, . . . , bn}, and similarly for polydiscs, see [79].
The more qualitative version of symplectic homology which we discussed here was intro-
duced by Viterbo in [193]. An alternative approach to time-dependent perturbations has
been developed by Bourgeois and Oancea in [33]. The survey [151] describes both versions
of symplectic homology, while the survey [176] focuses on Viterbo’s one.
The analysis of the behaviour of symplectic homology under handle attachment has been
carried out by Cieliebak in [39], who in particular showed that the symplectic homology of
subcritical Stein domains vanishes, see also [27]. The theory of Lefschetz fibrations can be
extended to the symplectic setting, and a symplectic Lefschetz fibration on the completion
of a Liouville domain M often allows one to compute the symplectic homology of M , see
[63, 176, 141].
Bourgeois and Oancea [34] have related the symplectic homology of a compact symplectic
manifold with contact type boundary to the linearized contact homology of its boundary
via an exact sequence, cf. Section 8.1. Symplectic homology has an S1-equivariant version,
due to the fact that it is the Floer homology of an autonomous Hamiltonian. See [193, §5],
[176], [35]. In the latter paper the positive part of the S1-equivariant symplectic homology
ofM , which is obtained from the Floer complex by modding out the subcomplex generated
by critical points of action less than ε (see the discussion around the definition of c∗ above),
is shown to be isomorphic to the linearized contact homology of ∂M .
Seidel and Smith have used symplectic homology to prove the existence of exotic sym-
plectic structures convex at infinity on R4n for all n > 2, see [178]. See also [140] and [177]
for other results in this direction.
The isomorphism between the symplectic homology of the cotangent disc bundle of a
closed manifold Q and the singular homology of the free loop space of Q was first proved by
Viterbo in [194] by using generating functions. A different proof involving the heat flow for
loops on a Riemannian manifold was found by Salamon and Weber in [167]. The proof we
sketched here is due to the first author and Schwarz, see [3] and [7]. The orientation issue
which requires the use of local coefficients when the second Stiefel–Whitney class does not
vanish on tori had been overlooked in [194, 167, 3] and was discovered by Kragh in [122],
see also [123], and corrected in [6, 7]. See also [8] for another approach to this isomorphism
and [51] for an extension of these ideas towards homotopy. This isomorphism is also the
starting point of a fruitful interaction between symplectic geometry and string topology,
see [5, 47]. For instance, the pair of pants product described at the end of Section 4 can
also be defined on the symplectic homology of D∗Q, and under the isomorphism (6.6) it
corresponds to the Chas–Sullivan product on the homology of the free loop space of Q,
see [5].
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The spectral invariant γ(M) in (6.8) goes back to [79] and in this form was defined
in [193]. This is just one of many similar spectral invariants that can be constructed
by Floer homologies. We shall describe a whole sequence of such invariants for four-
dimensional starshaped domains in Section 8.2. We here briefly outline the construction
of another important set of spectral invariants.
Take again a closed aspherical symplectic manifold (M,ω). As we have seen in Section 4.8
an isomorphism HFk(M,ω)→ Hk+n(M) is obtained by identifying the Floer chain complex
of a C2-small autonomous Hamiltonian with its Morse chain complex. A different chain
homotopy equivalence between the Floer and the Morse chain complex was constructed
by Piunikhin, Salamon and Schwarz in [158]. It is constructed by using hybrid flow lines,
that are somewhat similar to the hybrid flow lines used to construct the chain map (6.5).
Choose a non-degenerate Hamiltonian function H : T × M → R and a Morse function
f : M → R, and an almost complex structure J and a Riemannian metric g such that
the Floer complex of (H, J) and the Morse complex of (f, g) are defined. Take a smooth
cut-off function β : R → [0, 1] with β(s) = 1 for s 6 0 and β(s) = 0 for s > 1. Let
M be the space of solutions of the s-dependent Floer equation (4.9) with finite energy∫
R×T
|∂u
∂s
|2 dsdt. Then u(s, ·) tends to a 1-periodic orbit x of H as s → −∞ and to a
point u∞ ∈ M as s → +∞. Now define a chain map CFk(H) → CMk+n(f) by counting
pairs (u, γ) where u ∈ M and γ is a negative gradient flow line of f with γ(0) = u∞, see
the left drawing in Figure 6.2.
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Figure 6.2. Hybrid flow lines used to define ΨPSS and ΦPSS
A chain map CMk+n(f) → CFk(H) is defined in a similar way, see the right drawing in
Figure 6.2. The two maps induced in homology
ΨPSS : HFk(H)→ HMk+n(f), ΦPSS : HMk+n(f)→ HFk(H)
turn out to be inverses. In particular ΨPSS is an isomorphism.
The isomorphism ΦPSS can be used to define so-called action selectors, that associate
to each homology class α ∈ H∗(M) the action of a 1-periodic orbit of H . The inclusion
CFa∗(H) → CF∗(H) descends to a map ι
a
∗ : HF
a
∗(H) → HF∗(H). For α ∈ H∗(M)
∼=
HM∗(M) define the real number
(6.11) cα(H) = inf {a | ΦPSS(α) ∈ im ι
a
∗} .
In words, cα(H) is the smallest a such that the image of α under the PSS isomorphism can
be represented by a sum of 1-periodic orbits of H all of whose actions do not exceed a. For
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the generator [pt] of H0(M), this definition is similar to the definition of γ(M) in (6.8). The
action selectors cα(H) have many natural properties, that make them quite computable.
For instance, the pair of paints product (4.12) implies that
cα∗β(H#K) 6 cα(H) + cβ(K)
where α ∗ β is the product defined by Poincare´ duality and the cup product, and where
(H#K)(x, t) = H(x, t) +K((φtH)
−1x, t)
is the Hamiltonian function that generates the path φtH ◦ φ
t
K . Taking as α the generator
[pt] of H0(M) one defines for every open subset U of M the capacity
c(U) = sup {c[pt](H) | H : T× U → R has compact support} .
Action selectors as above have been first constructed for compactly supported Hamilton-
ian functions on R2n by Viterbo [192] with the help of generating functions and by Hofer–
Zehnder [109] by a topological linking argument in the loop space H
1
2 that we encountered
in Section 4.1. The above Floer homological selector was constructed by Schwarz [173]
and extended to arbitrary closed symplectic manifolds by Oh [152] and Usher [188]. A
similar construction for a class of symplectically aspherical manifolds comprising Liouville
domains and their completions was given in [84]. Action selectors and their capacities have
many applications to Hamiltonian dynamics and symplectic topology, see for instance the
references above and [68, 81, 110]. Polterovich [159] used the PSS action selector to show
that certain groups have no interesting representations in the symplectomorphism groups of
closed symplectically aspherical manifolds. For instance, every homomorphism of a finitely
generated subgroup of SL(n;Z) with n > 3 to the group of area preserving diffeomorphisms
of a closed surface of genus > 2 has finite image. Polterovich et al. used the PSS action
selector to detect new manifestations of symplectic rigidity, which take place in certain
function spaces associated to symplectic manifolds, see [160].
The action functional (6.10) was first considered by Rabinowitz [163] in his proof of the
Weinstein conjecture for starshaped hypersurfaces in R2n. The Floer homology RFH of
this functional was constructed by Cieliebak and Frauenfelder in [43]. In Theorem 6.3 one
leafwise intersection point and assertion (ii) was established in [12], while the cuplength
estimate was proven in [14]. RFH was used in [45] to study the dynamics of a charged
particle in a magnetic field at different energy levels. It turns out that RFH is closely
related to symplectic homology [44], and that it can be interpreted as a Floer homology
without Lagrangian multiplier [2, 49]. For a survey of RFH and its applications see [13].
7. Floer homology for Lagrangian intersections
In this section we first outline the construction of Lagrangian Floer homology in the
simplest situation. Among its applications are the proof of the Arnol’d conjecture for
Lagrangian intersections in T ∗Q, and a variant of the construction gives another proof of
the Hamiltonian Arnol’d conjecture 4.1. We then discuss the Lagrangian Floer homology of
two fibers in a cotangent bundle, and show how it implies lower complexity bounds (positive
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topological entropy) for Reeb flows on many spherisations. Throughout this section we use
Z2 coefficients for simplicity.
7.1. Outline of the construction. Let L, L′ be two Lagrangian submanifolds in a sym-
plectic manifold (M,ω). We consider the simplest case, in which (M,λ) is the completion
of a Liouville domain and L, L′ are compact and exact. The reader may wish to have a con-
crete example in mind and take L = L′ = Q to be the zero section in (T ∗Q, ωcan = dλcan).
The dictionary to Morse homology this time is as follows: The space of candidates is the
space of paths from L to L′,
P(L, L′) = {x ∈ C∞([0, 1],M) | x(0) ∈ L, x(1) ∈ L′} .
The “Morse function” is again the action functional from classical mechanics,
AH(x) =
∫ 1
0
(
λ(x˙(t))−Ht(x(t))
)
dt,
where H : [0, 1]×M → R. The critical points of AH are the Hamiltonian chords of time 1
from L to L′, that is, the flow lines of φtH starting on L at t = 0 and arriving on L
′
at time t = 1. Note that these chords can be identified with the points in φ1H(L) ∩ L
′.
The Morse condition for AH turns out to be that all intersection points are transverse:
φ1H(L) ⋔ L
′. As in §4.2 we define an L2-inner product on the tangent spaces of P(L, L′)
with the help of an ω-compactible almost complex structures J , and interprete negative
gradient flow lines of AH as solutions of the Floer equation: For any pair x, y of critical
points we look at the space M̂H,J(x, y) of solutions u : R× [0, 1]→M of
(7.1)
∂u
∂s
+ J(u)
(
∂u
∂t
−XHt(u)
)
= 0,
with Lagrangian boundary conditions u(s, 0) ∈ L and u(s, 1) ∈ L′ for all s ∈ R, and
asymptotic conditions
lim
s→−∞
u(s, ·) = x and lim
s→+∞
u(s, ·) = y in P(L, L′),
see the left part of Figure 7.1, in which we abbreviated ∂u = ∂u
∂s
+J(u)∂u
∂t
. The Lagrangian
boundary conditions crucially enter the proof that at every solution u the linearized oper-
ator (4.7) is Fredholm and in the compactness analysis of the spaces M̂H,J(x, y).
In favorable situations (such as c1(M,ω) = 0) one can associate to the finitely many
critical points of AH an index µ, with the property that the dimension of M̂H,J(x, y) is
equal to µ(x) − µ(y) − 1, cf. §7.3. For defining an (ungraded) Floer homology, however,
having the index is not necessary: Just define CF(L, L′;H) to be the Z2 vector space freely
generated by the finitely many critical points of AH , and set
∂x =
∑
y∈CritAH
ν(x, y) y
where ν(x, y) is the finite number of 1-dimensional components of M̂H,J(x, y). Then one
proves ∂2 = 0 as before and can thus define the Lagrangian Floer homology HF(L, L′;H, J)
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Figure 7.1. A solution u in M̂H,J(x, y) (left), corresponding to an “eye”
after a Hamiltonian coordinate change (right)
as the homology of the chain complex {CF(L, L′;H), ∂}. As in §4.7 one shows that this
group does not depend on the generic choice of J nor on H as long as φ1H(L) ⋔ L
′; it is
thus denoted by HF(L, L′).
The invariance has two consequences: First, HF(L, L′) vanishes if L and L′ are disjoint,
since then for a C1-small Hamiltonian there are no Hamiltonian chords from L to L′.
Second, taking the Hamiltonian C2-small and also independent of time, one finds that in
the case L = L′ the Floer homology HF(L) := HF(L, L) of L is isomorpic to its (ungraded)
homology,
(7.2) HF(L) ∼= H(L).
In the Morse theoretic picture above the generators of HF(L, L′;H, J) are the Hamil-
tonian time-1-chords from L to L′, and the Floer gradient lines u are the solutions of the
perturbed Cauchy–Riemann equation (7.1). We have already noticed that the set of gen-
erators can be identified with the intersection points φ1H(L)∩L
′. Under this identification
the Floer equation (7.1) becomes the unperturbed Cauchy–Riemann equation
∂u
∂s
+ J(u)
∂u
∂t
= 0,
with Lagrangian boundary conditions u(s, 0) ∈ φ1H(L) and u(s, 1) ∈ L
′ for all s ∈ R, and
asymptotic conditions
lim
s→−∞
u(s, ·) = x and lim
s→+∞
u(s, ·) = y
where now x, y are points in φ1H(L)∩L
′. One can thus view the Lagrangian Floer homology
of L and L′ also as the homology of the chain complex freely generated by the Lagrangian
intersections φ1H(L) ⋔ L
′ and with boundary operator defined by counting “J-holomorphic
eyes” as on the right of Figure 7.1.
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7.2. Applications to Lagrangian submanifolds. Applying the above construction to
L = L′ the zero section of T ∗Q, we obtain at once
Theorem 7.1 (Arnol’d conjecture for Lagrangian intersections in T ∗Q). Let Q be
a closed n-dimensional manifold, and let φH be any Hamiltonian diffeomorphism of T
∗Q
such that φH(Q) and Q intersect transversally. Then #(φH(Q) ∩Q) >
∑n
i=1 bi(Q;Z2).
In a similar way Floer [72] proved the following variant of Theorem 7.1.
Theorem 7.2. Let L be a closed Lagrangian submanifold in a compact symplectic man-
ifold (M,ω) of dimension 2n such that the relative homotopy group π2(M,L) vanishes,
and let φH be any Hamiltonian diffeomorphism of M such that φH(L) and L intersect
transversally. Then #(φH(L) ∩ L) >
∑n
j=0 bj(L;Z2).
Note that the topological assumption π2(M,L) = 0 cannot be omitted, as the example of
a small contractible embedded circle on the torusR2/Z2 shows. Theorem 7.2 on Lagrangian
intersections can be used to prove the Hamiltonian Arnol’d conjecture 4.1 (at least if
π2(M) = 0 and over Z2 coefficients), giving one confirmation of Weinstein’s dictum (5.4).
Indeed, the diagonal Γ0 = {(x, x) | x ∈ M} is a Lagrangian submanifold of the product
(M × M,ω ⊕ (−ω)), and the fixed points of φH on M correspond to the intersections
of Γ0 with the graph Γ1 = {(x, φH(x)) | x ∈ M}, which are transverse if and only if
all the fixed points of φH are non-degenerate. The isotopy of Lagrangian submanifold
Γt = {(x, φ
t
Hx) | x ∈ M} from Γ0 to Γ1 is generated by a Hamiltonian flow on M ×M .
Furthermore, the assumption π2(M) = 0 implies that π2(M ×M,Γ0) = 0, since π2(M ×
M) = π2(M)× π2(M) = 0 and since the last arrow of the part
0 = π2(M ×M)→ π2(M ×M,Γ0)→ π1(M)→ π1(M ×M)
of the exact sequence of relative homotopy groups is injective.
As we have seen in §5, Arnol’d’s nearby Lagrangian conjecture holds for Q = S1, and it is
known also for Q = S2 by a result of R. Hind [101]. For all other manifolds Q, the strongest
result known so far is the following recent theorem due to Abouzaid and Kragh [9].
Theorem 7.3. Let Q be a closed manifold and L ⊂ T ∗Q a closed exact Lagrangian sub-
manifold. Then the restriction of the canonical projection π : T ∗Q → Q to L is a simple
homotopy equivalence.
Here “simple” means that the Whitehead torsion of the map π|L vanishes. (The hierar-
chy is: homotopy equivalent ⇐ simple homotopy equivalent ⇐ homeomorphic ⇐ diffeo-
morphic.) The main tools in the proof are a Floer theoretic definition of the Whitehead
torsion, and ingredients from the Fukaya category of T ∗Q, which is a category whose ob-
jects are the exact Lagrangian submanifolds in T ∗Q and whose morphisms are the Floer
chain complexes of pairs of such Lagrangians.
Theorem 7.3 has a beautiful application to a question on the relation between the differ-
ential topology of a manifold Q and the symplectic topology of its cotangent bundle: Dif-
feomorphic manifolds have symplectomorphic cotangent bundles, since a diffeomorphism
ϕ : Q1 → Q2 induces the symplectomorphism ϕ
∗ : (T ∗Q2, ωcan) → (T
∗Q1, ωcan), where
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ϕ∗(q, p) =
(
ϕ−1(q), dϕ(q)T (p)
)
. It is an open problem going back to Arnol’d and Eliash-
berg whether for homeomorphic manifolds the converse is also true. Theorem 7.3 shows
that this is so for Lens spaces. Recall that for an integer p > 2 and integers q1, . . . , qn
relatively prime to p, the lens space L(p; q1, . . . , qn) is the quotient S
2n−1/Gp of the sphere
S2n−1 = {(z1, . . . , zn) ∈ C
n |
∑n
i=1 |zi|
2 = 1} by the action
ζ(z1, . . . , zn) = (ζ
q1z1, . . . , ζ
qnzn)
of the cyclic group Gp = {ζ ∈ C | ζ
p = 1}. While the classification of Lens spaces up to
simple homotopy type is finer than the one up to homotopy equivalence (for instance, the
3-dimensional lens spaces L(7; 1, 1) and L(7; 1, 2) are homotopy equivalent, but not simple
homotopy equivalent), it is classically known following Franz and Reidemeister that the
simple homotopy type of lens spaces already determines their diffeomorphism type. (For
modern accounts see [144, §9] or [187, §11].) Theorem 7.3 thus implies:
Corollary 7.4. Two lens spaces are diffeomorphic if and only if their cotangent bundles
are symplectomorphic.
7.3. The Lagrangian Floer homology of two fibers in T ∗Q. Take two fibers Lq =
T ∗qQ and Lq′ = T
∗
q′Q in the cotangent bundle over a closed manifoldQ, and fix a Riemannian
metric g onQ. The Lagrangian Floer homology HF(Lq, Lq′;G) for the geodesic Hamiltonian
G(q, p) = 1
2
‖p‖2 is the Lagrangian analogue of the symplectic homology of T ∗Q: The geo-
desic time-1 chords from Lq to Lq′ correspond to the intersection points φ
1
G(Lq)∩Lq′ , and the
action AG(x) of such a chord x(t) = (q(t), p(t)) is the constant value G(x(t)) =
1
2
‖p(t)‖2.
For a generic q′, these intersections are transverse, and hence there are finitely many chords
below a given action. Since the action AG does not increase along solutions u of its neg-
ative gradient equation (7.1), the boundary operator ∂ on the chain group CF(Lq, Lq′;G)
is then well-defined. The resulting Floer homology HF(Lq, Lq′;G) does not depend on the
specific choice of G.
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Figure 7.2. φG(Lq) ∩ Lq′ in T
∗Q for Q = S1 = [0, 1]/ ∼
For the application in the next section we need the refinement of this homology by its
action filtration. By taking only geodesic time-1 chords of action 6 a we obtain the filtered
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Floer homology groups HFa(Lq, L
′
q;G). In general, these groups certainly do depend on G,
but if H is another Hamiltonian with H 6 G that agrees with G outside a compact set,
then there is a continuation map
(7.3) ΦaHG : HF
a(Lq, L
′
q;H)→ HF
a(Lq, L
′
q;G),
and if one can find a path Hs of Hamiltonians from H to G such that a is a regular value
of AHs for all s, then Φ
a
HG is an isomorphism. The groups HF
a(Lq, L
′
q;H) can be equipped
with a grading that for a geodesic Hamiltonian G is given by the Morse index of a geodesic
arc.
Denote by Ωq,q′Q the space of smooth paths x : [0, 1] → Q from q to q
′, and for a ∈ R
write Ωaq,q′Q for its subset of paths whose energy E(x) =
1
2
∫ 1
0
‖x(t)‖2 dt does not exceed a.
The construction in §6.3 can be adapted to the situation at hand to show that
(7.4) HFa∗(Lq, L
′
q;G)
∼= H∗(Ω
a
q,q′Q).
7.4. Lower bounds for the topological entropy of Reeb flows. The topological
entropy of a self-map of a metrisable compact space is a numerical invariant that gives a
measure for the complexity of the orbit structure of the map. For instance, isometries,
periodic maps and gradient flows have vanishing topological entropy, and expanding maps
and geodesic flows of negative curvature metrics have positive topological entropy. A
classical problem is to show that a generic map in a given class of mappings (e.g. geodesic
flows) has positive entropy. A different problem is to see that all maps (of a certain type,
or in a given isotopy class) on certain manifolds have positive topological entropy. Here we
consider this second problem for Reeb flows on closed contact manifolds. Since these flows
model systems without friction, one can expect that they often have positive topological
entropy.
There are many equivalent definitions of topological entropy [99, §3.1]. For a C∞ smooth
diffeomorphism ϕ of a compact d-dimensional manifold M , the topological entropy htop(ϕ)
can be seen as the maximal exponential volume growth of submanifolds under iterates of ϕ:
We say that a sequence of positive numbers an has exponential growth if its exponential
growth rate
γ(an) = lim inf
n→∞
1
n
log an
is positive. Let B be the set of all smoothly embedded closed balls B ⊂M , of any dimension
k ∈ {0, . . . , d}, and define the exponential volume growth of ϕ by
γvol(ϕ) = sup
B∈B
γ
(
Vol(ϕn(B))
)
.
Here, the volume is taken with respect to the measure induced on ϕn(B) by a Riemann-
ian metric g on M , and clearly γvol(ϕ) does not depend on g. Yomdin [202] (>) and
Newhouse [147] (6) proved that
(7.5) htop(ϕ) = γvol(ϕ).
Recall that a finitely generated group has exponential growth if for one (and hence any)
set S of generators, the number of different words of length 6 n that can be written by
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letters in S ∪S−1 has exponential growth. Examples are the fundamental groups of closed
manifolds that admit a Riemannian metric of negative curvature. Further, we denote the
based loop space of a closed manifold by ΩQ, and if Q has finite fundamental group we
say that the homology of ΩQ has exponential growth if the sequence
(7.6)
n∑
k=0
dimHk(ΩQ;Z2)
has exponential growth. An example is the complex projective plane blown-up in at least
two points. A “generic” closed manifold satisfies one of these two conditions. The topo-
logical entropy of a flow is defined as the topological entropy of its time-1-map.
Theorem 7.5. Let Q be a closed manifold which satisfies one of the following two condi-
tions:
(i) the fundamental group of Q has exponential growth;
(ii) the fundamental group of Q is finite and the homology of ΩQ has exponential growth.
Then every Reeb flow on the spherisation S∗Q has positive topological entropy.
The idea of the proof is to show that any (and hence one) Legendrian sphere S∗qQ
grows exponentially under any Reeb flow. As in Example 5.2 we can identify a Reeb
flow φtα on S
∗Q with the restriction of a Hamiltonian flow φtH on T
∗Q to a fiberwise
starshaped hypersurface Σ ⊂ T ∗Q, where H : T ∗Q → [0,∞) is a Hamiltonian function
with H−1(1) = Σ that is fiberwise homogeneous of degree two. We thus wish to show that
any fiber-sphere Σq = Σ∩ T
∗
qQ grows exponentially under the Hamiltonian flow φ
t
H . Since
H is homogeneous of degree two, it is not hard to see that this growth agrees with the
growth of the disc Dq ⊂ T
∗
qQ bounded by Σq,
γ(Vol(φnH(Σq))) = γ(Vol(φ
n
H(Dq))).
In view of the identity (7.5) it thus suffices to show that
γ
(
Vol(φnH(Dq))
)
> 0.
Fix n, and let U ⊂ Q be the open and dense set of points q′ for which φnH(Dq) intersects
Dq′ transversally. Our goal is to show that there are positive constants a, b that do not
depend on n such that
#
(
φnH(Dq) ∩Dq′
)
> ean−b for all q′ ∈ U .
Since U has positive measure, this would clearly imply that γ
(
Vol(φnH(Dq))
)
> a > 0, cf.
Figure 7.2.
Since φtnH = φ
nt
H , the diffeomorphism φ
n
H is generated in time 1 by nH , and since H
is homogenous of degree two, a time 1 flow line x of φtnH lies in {H 6 1} if and only if
AnH(x) 6 n. For q
′ ∈ U , the points φnH(Dq) ∩Dq′ that we wish to count are thus exactly
the generators of the Floer chain groups CFn(Lq, Lq′;nH).
If the fundamental group of Q has exponential growth, then clearly the sequence
dimH0(Ω
n2Q)
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has exponential growth. And if the fundamental group is finite and the sequence (7.6)
built by truncating the index has exponential growth, then also the sequence∑
k>0
dimHk(Ω
n2Q)
built by truncating the energy has exponential growth by a theorem of Gromov [97]. We
therefore find positive constants a, b such that
dimH(Ωn
2
q,q′Q) > e
an−b for all n ∈ N and all q, q′ ∈ Q.
Now fix a Riemannian metric and assume for a moment that H = G is its geodesic
Hamiltonian. Then using the isomorphism (7.4) we can estimate
#
(
φnG(Dq) ∩Dq′
)
= dimCFn(Lq, Lq′;nG)
> dimHFn(Lq, Lq′;nG)
= dimH(Ωn
2
q,q′Q)
> ean−b
for all q′ ∈ U , as we wished to show.
If H is not a geodesic Hamiltonian we use a sandwiching argument: Choose positive
constants c− < c+ such that
c−G 6 H 6 c+G
which is possible since the levels of H are fiberwise starshaped. Then set G+ := c+G and
choose interpolating functions G− and H˜ such that
(7.7) G− 6 H˜ 6 G+,
G− = c−G and H˜ = H on {H 6 1}, and G− = H˜ = G+ far away from {H 6 1}. Then
there is the commutative diagram of Floer homologies
HFn/σ(nG+)
ιn
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
HFn(nG−)
∼=
77♦♦♦♦♦♦♦♦♦♦♦♦
//
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
HFn(nG+)
HFn(nH˜)
77♦♦♦♦♦♦♦♦♦♦♦
in which we omitted Lq, Lq′ from the notation and set σ = c+/c−. The homomorphism ι
n
is defined by inclusion of complexes, and all other maps are continuation maps as in (7.3),
which exist thanks to (7.7). Since the diagram commutes,
dimHFn(nH˜) > rank ιn : HFn/σ(nG+)→ HF
n(nG+).
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We already know that HFn/σ(nG+) grows exponentially, but in fact rank ι
n grows expo-
nentially, since under our assumptions not only dimH(Ωn
2
q,q′Q) but also
rank ιn : H(Ωn
2
q,q′Q)→ H(Ωq,q′Q)
grows exponentially and since the isomorphisms (7.4) commute with the maps induced by
the inclusions CFa(Lq, Lq′;G) ⊂ CF
a′(Lq, Lq′;G) and Ω
a
q,q′Q ⊂ Ω
a′
q,q′Q. ✷
Usually, a Floer homology is computed by using its invariance and showing that for a
special Hamiltonian (C2-small and time independent, or geodesic) the Floer homology can
be identified with the homology of a space. Examples for this classical procedure are the
isomorphisms (4.10), (7.2) and (6.6), (7.4).
If one cannot find an isomorphism to the homology of a space, one can still hope to
understand the Floer homology of one Hamiltonian H . With some luck one finds a H for
which one can determine all its Hamiltonian orbits, and with even more luck their indices
have all the same parity, so that the boundary operator vanishes and the Floer homology is
freely generated by the Hamiltonian orbits of H . This strategy was used by Alves [16, 17]
to extend Theorem 7.5 in dimension 3 far beyond spherisations. To save words, we say
that a closed contact manifold (Y, ξ) has positive entropy if for every contact form α for ξ
the time-1-map φα of the Reeb flow of α has positive topological entropy.
Theorem 7.6. There is an infinite family of closed 3-manifolds that carry infinitely many
different contact structures of positive entropy.
The complexity of the Reeb flows in these examples still comes (as in Theorem 7.5)
from the rich topology of Y . But very recently, Alves and Meiwes [18] constructed many
examples of contact manifolds of dimension > 5 that have very simple topology but still
positive entropy. The most spectacular examples are odd-dimensional spheres with their
standard smooth structure.
Theorem 7.7. The spheres S2n−1 with n > 4 and S2 × S3 admit contact structures of
positive entropy.
The contact structures in this theorem are not even exotic: They are contact structures
on the boundary of Stein domains. But they are very exotic from a contact dynamical
point of view. Indeed, the usual Reeb flow of their usual contact structure (the Hopf flow
on S2n−1 and the geodesic flow of the round metric on S3) are periodic and thus have
vanishing topological entropy.
The proof of Theorem 7.7 uses a more radical form of invariance. For spheres, it starts
from the co-disc bundle D∗Q =
{
1
2
‖p‖2 6 1
}
over a closed Riemannian manifold that is
a homology sphere and has fundamental group of exponential growth. By (7.4) two La-
grangian fibers Dq and Dq′ have rich Floer homology. Applying to D
∗Q suitable surgery
operations (plumbing and subcritical handle attachment) in the complement of Dq one
arrives at a Liouville domain (W,ω) that still contains Dq, and whose contact bound-
ary (Y, ξ) is a simply connected homology sphere and hence is homeomorphic to S2n−1 by
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the h-cobordism theorem. The surgeries can be arranged such that Y is even diffeomor-
phic to S2n−1. Further, the Lagrangian Floer homology of Dq and a nearby fiber Dq′ in W
(that is still defined) is at least as rich as for the original D∗Q. Indeed, a plumbing or
handle attachment applied to an intermediate Liouville domain W1 away from Dq and Dq′
produces a Liouville embedding W1 ⊂W2, and there is again a Viterbo transfer map from
the Floer homology of (W1, Dq, Dq′) to the one of (W2, Dq, Dq′), that turns out to be an
isomorphism in the case of a subcritical handle attachment (by a version of Cieliebak’s
theorem for symplectic homology from [39]) and injective in the case of plumbing (by a
theorem of Abouzaid and Smith [11]).
To finish the proof one localizes the argument in the proof of Theorem 7.5: While
the Liouville domain (W,ω) is not a global fibration of Lagrangian discs anymore, it still
contains a set of the form Bn ×Dq in which each fiber over the ball B
n is a disc Dq′. Let
Sq′ be the boundary sphere of Dq′. Taking as set U those q
′ in Bn for which the “cylinder”
Znα =
⋃
06t6n
φnα(Sq)
intersects Sq′ transversally, and by a sandwiching argument as at the end of the proof of
Theorem 7.5, it follows that for q′ ∈ U the number of Reeb chords from Sq to Sq′ still grows
exponentially with time. Hence the volume of Znα and thus also the volume of φ
n
α(Sq) grows
exponentially, see Figure 7.3.
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Figure 7.3. The set Znα intersecting the neighbourhood B
n × Sq of Sq
Historical notes and bibliography. Theorem 7.1 on Lagrangian intersections in T ∗Q
can be proved in an elementary way (Morse theory for generalized generating functions,
see [128]), but Floer’s proof by Lagrangian Floer homology leads to far reaching general-
isations. Floer created Lagrangian Floer homology (under the assumption that π2(M,L)
vanishes) at the same time as Hamiltonian Floer homology, see [70, 72, 75]. His The-
orem 7.2 can be proved whenever the Floer homology of L ⊂ (M,ω) can be defined.
A thorough study of the obstructions to this is given by Fukaya–Oh–Ohta–Ono in their
books [87].
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Seidel used Lagrangian Floer homology in [174] to provide examples of symplectic four-
manifolds that contain pairs of Lagrangian spheres that are smoothly isotopic, but non-
isotopic through Lagrangian embeddings. In the same paper he constructed symplecto-
morphisms that are smoothly, but not symplectically, isotopic. For generalisations of these
results see [121, 175].
The isomorphism (7.4) was proved in [3]. It was applied to proving Theorem 7.5 by
Macarini and the second author in [131], based on earlier applications of Lagrangian Floer
homology to volume growth in [82, 83]. Theorem 7.5 generalizes work of Dinaburg, Gromov,
Paternain and Petean on geodesic flows, see [157], and in turn can be generalized to those
contactomorphisms on spherisations which can be reached by a contact isotopy that is
everywhere positively transverse to the contact structure, see [58]. The proper setting of
the classical results on the topological entropy of geodesic flows is thus contact topology.
The generalisation of the Floer homology HF(Lq, Lq′ ;H) of two cotangent fibers in T
∗Q,
that is used in the proof of Theorem 7.7, is the Lagrangian Floer homology HF(L, L′;H)
defined for two exact Lagrangian submanifolds L, L′ of a Liouville domain (W, dλ) that near
the boundary ∂W are invariant under the (local) flow of the Liouville vector field, and for
a Hamiltonian H that on the symplectisation part is a function of ρ rapidly increasing
with ρ. Taking direct limits over such functions as in the construction of the symplec-
tic homology SH(W ) described in §6.1 one obtains the so-called wrapped Floer homology
HW(L, L′). The foundations of this Lagrangian version of the symplectic homology SH(W )
were laid by Abouzaid and Seidel in [10].
8. Floer homologies for contact manifolds
Until now the only (perturbed) J-holomorphic curves that we have used are cylinders
or strips, that connect periodic orbits or Hamiltonian chords. Given the power of the
resulting Floer homologies, one is tempted to use more general J-holomorphic curves to
study problems in symplectic geometry and dynamics: curves with possibly positive genus
that may be asymptotic to more than one orbit. A general framework for such a theory
in symplectic cobordisms between contact manifolds is the symplectic field theory (SFT)
outlined by Eliashberg, Hofer and Givental. In this section we look at the special situation
where the symplectic manifold is the symplectisation of a contact manifold, and describe
two special versions of SFT: Contact homology, and the embedded contact homology due
to Hutchings, that is defined for 3-dimensional contact manifolds.
8.1. Contact homology. We consider the symplectisation of a contact manifold (Y, α),
but instead of looking at Y × (0,∞) with symplectic form d(rα) we make a convenient
coordinate change and look at Y ×R with symplectic form d(esα). Thus (Y, α) now appears
as Y × {0} in its symplectisation. The almost complex structures are chosen somewhat
more specific than in the construction of symplectic homology: We require that J leaves
ξ = kerα invariant and is compatible with the symplectic form dα on ξ, and maps ∂
∂s
to
the Reeb vector field Rα (these conditions are equivalent to (6.3)), and in addition require
that J is invariant under shift along the s-coordinate.
64 ALBERTO ABBONDANDOLO AND FELIX SCHLENK
Every closed orbit of the Reeb flow ϕtα is degenerate, since the differential of ϕ
t
α maps
the Reeb vector field Rα to itself. A contact form α is called non-degenerate if for every
Reeb orbit x(t) with x(0) = x(T ) for some T > 0 all eigenvalues of dϕTα : ξx(0) → ξx(T ) are
different from 1. Any contact form α for ξ can be perturbed to a non-degenerate contact
form. Let Pα be the set of unparametrized periodic Reeb orbits of α: Orbits with the same
trace and the same multiplicity, but with different starting point, are taken only once, but
orbits with the same trace but different multiplicities are different elements of Pα. We
from now on assume α is non-degenerate. Then Pα is a countable set.
The first attempt to build a Floer homology for (Y, α) is by taking as generators the
elements of Pα and by defining the boundary operator ∂x by counting the 1-dimensional
components of the J-holomorphic cylinders in Y × R asymptotic to x and to another
orbit y. More precisely, we look J-holomorphic maps u = (uY , uR) : R×T→ Y ×R such
that
(8.1) lim
s→∓∞
u
R
(s, t) = ±∞ and lim
s→−∞
uY (s, t) = x(Txt), lim
s→+∞
uY (s, t) = y(Tyt),
where Tx and Ty are the periods of x and y. Note that contrary to the Floer equation,
there is no Hamiltonian term in the equation for the cylinders u. This attempt in general
does not work, since now the boundary of the space of such J-homomorphic cylinders can
contain configurations different from broken cylinders: Straight cylinders z×R over a Reeb
orbit z are solutions of (8.1), and it can happen that a 1-parametric family of cylinders
from x to z breaks along z and another Reeb orbit y, at which a J-holomorphic plane
bubbles off, see Figure 8.1. As a result, ∂2 = 0 does not hold in general.
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Figure 8.1. A holomorphic plane bubbles off
This “accident” can be excluded by requiring, for instance, that Pα contains no con-
tractible periodic orbits. Decompose Pα =
∐
Phα according to the free homotopy classes
of maps T→ Y . The cylinders solving (8.1) respect this decomposition. Fix a homotopy
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class h. To elements in Phα we associate a Conley–Zehnder index in Z2 as follows: Fix
a loop γ in class h and a unitary trivialisation of ξ along γ. For x ∈ Phα choose an an-
nulus Ax with boundary γ and x, and extend the trivialisation of ξ over Ax. Looking at
the linearized flow dφtα : ξx(0) → ξx(t), t ∈ [0, Tx] in this trivialisation of ξ over x we obtain
µCZ(x;Ax) ∈ Z. If we choose another annulus from γ to x, we obtain an integer with the
same parity, thus µCZ(x) ∈ Z2 is defined.
Following the steps in the construction of Hamiltonian Floer homology in Section 4
we can now define the cylindrical contact homology HCcyl∗ (Y, α; h) with ∗ ∈ Z2, provided
that α is non-degenerate and has no contractible Reeb orbits and that h is a primitive
class. Transversality can be achieved as for Hamiltonian Floer homology, since none of the
J-holomorphic cylinder from x to y is multiply covered, because x and y are embedded or-
bits, h being primitive. This homology does not depend on the choice of a non-degenerate
contact form without contractible orbits, and if ϕ : (Y, ξ1) → (Y, ξ2) is a contactomor-
phism (namely a diffeomorphism ϕ : Y1 → Y2 with dϕ(ξ1) = ξ2), then the homologies
HCcyl∗ (Y, α; h) and HC
cyl
∗ (Y, ϕ∗α;ϕ∗h) are isomorphic. This theory suffices to prove, for
instance, the following results.
Theorem 8.1. For k ∈ N consider the contact structure ξk on the 3-torus T
3 given by the
kernel of the contact form
αk = cos(2πkθ1) dθ2 + sin(2πkθ1) dθ3, (θ1, θ2, θ3) ∈ T
3.
(i) For k 6= ℓ the contact structures ξk and ξℓ are not diffeomorphic.
(ii) For every k the fundamental group of the space of contact structures on T3 that are
isotopic to ξk contains an infinite cyclic subgroup.
For the proof of (i) one can take any class h represented by a simple non-contractible
curve in {θ1 = 0}, and one finds that for a suitable perturbation αˆk of αk the dimension
of both Z2-vector spaces HC
cyl
even(Y, αˆk; h) and HC
cyl
odd(Y, αˆk; h) is k.
Our next goal is to distinguish contact structures on spheres. Then every closed Reeb
orbit is contractible, and so the cylindrical contact homology is not defined in general.
To proceed, we first notice that if (Y, α) is a sphere, or more generally a contact manifold
with vanishing homotopy groups π1(Y ) and π2(Y ), we can associate to x ∈ Pα a Conley–
Zehnder index µCZ(x) ∈ Z by choosing a unitary trivialisation of ξ along a disc in Y
that bounds x and by looking at the linearized flow dφtα : ξx(0) → ξx(t), t ∈ [0, Tx], in this
trivialisation.
Another difference to the previous theory is that now we must orient the moduli spaces
of J-holomorphic cylinders of dimensions 1 and 2. Indeed, since all Reeb orbits are con-
tractible, the J-holomorphic cylinders we look at may now be multiply covered, and hence
there are various ways to glue broken cylinders. To arrive at ∂2 = 0, multiply covered
cylinders must therefore be counted with a certain rational weight, whence we must work
with rational coefficients. For this, the moduli spaces of J-holomorphic cylinders of dimen-
sions 1 and 2 must be oriented; and for this, all orbits x which are an even multiple of a
simple orbit x and for which µCZ(x)−µCZ(x) is odd must be excluded. All other orbits are
called good.
66 ALBERTO ABBONDANDOLO AND FELIX SCHLENK
We thus now start with all good orbits Pgoodα . A closer inspection shows that the holo-
morphic planes in the above accident can obstruct ∂2 = 0 only if they converge to an orbit
of index 1. Further, the resulting homology HC∗(Y, α) is independent of the non-degenerate
choice of α if there are no Reeb orbits of index 0 or −1. For spheres we one can thus define
the contact homology HC∗(Y, ξ) provided that there exists a non-degenerate contact form
for ξ all of whose Reeb orbits have Conley–Zehnder index different from −1, 0, 1. This
turns out to be enough to prove the following:
Theorem 8.2. For every m > 1 the sphere S4m+1 with its usual smooth structure carries
infinitely many non-diffeomorphic contact structures.
Outline of the proof. To fix the ideas we take m = 1. For natural numbers a0, . . . , a3 >
2 define the Brieskorn manifold Σ(a) as the intersection of the (in the origin singular)
hypersurface
za00 + z
a1
1 + z
a2
2 + z
a3
3 = 0
in C4 with the unit sphere S7 ⊂ C4. This is a smooth manifold, and the real form
(8.2) αa =
i
8
3∑
j=0
aj(zjdzj − zjdzj)
restricts to a contact form on Σ(a). From now on we take a0 = p ≡ ±1 (mod 8) and
a1 = a2 = a3 = 2. Then Σ(a) is diffeomorphic to the standard S
5. We wish to prove that
the contact structures ξp defined by αp := α(p,2,2,2) are mutually non-diffeomorphic.
The flow of the Reeb vector field Rαp = 2i
(
2
p
z0, z1, z2, z3
)
is periodic, and so αp is
degenerate. However, for ε ∈ (0, 1) the function fε : C
4 → R defined by
fε(z) = |z|
2 + 2ε Im(z2z3)
is positive on Σ(a), and for irrational ε the contact form fε αp is non-degenerate, with only
three simple closed orbits. The Conley–Zehnder indices of these orbits and their iterates
turn out to be even and at least 2, and taking ε small one finds that the number of these
orbits in degree 2k for 2k = 2, 4, 6, . . . , p− 1, p+ 1 is
1, 2, 2, . . . , 2, 1.
Hence the homologies HCcyl∗ (Σ(a), fε αp) are defined, are an invariant of ξp, and are all
different. ✷
In the previous example we were a bit lucky with the indices. To obtain a more robust
homology for contact manifolds, we return to the accident described in Figure 8.1. It
suggests how to proceed in a more general case: Given x, y in Pgoodα we take k punctures
q1, . . . , qk on the cylinder R×T and look at holomorphic maps u : (R×T)\{q1, . . . , qk} →
Y × R that are positively asymptotic to x as s → −∞, negatively asymptotic to y as
s → +∞, and negatively asymptotic to some orbit yj ∈ Pα near qj . And we do this for
all integers k > 0. In this way, the problematic configurations are included in the picture
from the outset. Counting such punctured cylinders leads to the so-called linearized contact
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homology mentioned in the notes to Section 6. Or, giving up the special role of y, we fix
k > 1, points q, p1, . . . , pk on the sphere S
2, and a complex structure j on the k + 1
fold punctured sphere S˙k := S
2 \ {q, p1, . . . , pk}, and look at (j, J)-holomorphic maps
u : S˙k → Y ×R such that, in holomorphic polar coordinates (s, t) ∈ (0, ε)×T around the
punctures,
lim
s→0
u
R
(s, t) = +∞ at q and lim
s→0
u
R
(s, t) = −∞ at pj
and
lim
s→0
uY (s, t) = x(−Txt) at q and lim
s→0
uY (s, t) = yj(Tjt) at pj
for some yj ∈ P
good
α of period Tj , see Figure 8.2. For x, y1, . . . , yk ∈ P
good
α defineM(x; y1, . . . , yk)
as the space of maps as above, where we allow all almost complex structures on S˙k but
mod out by biholomorphisms fixing the punctures.
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Figure 8.2. Curves used in the construction of HC∗
Set µ(x) := µCZ(x) + n − 3, where dimY = 2n − 1, and consider the unital free super-
commutative graded algebra Aα over Q generated by the orbits in P
good
α . Here the unit
is a formal element in degree zero, the grading of the generators is given by µ, and super-
commutative means that xy = (−1)µ(x)µ(y)yx. In other words, Aα is a polynomial algebra
on generators of even degree and an exterior algebra on generators of odd degree. The
differential
∂x =
∑
k>1
∑
y1,...,yk
ν(x; y1, . . . , yk) y1 · · · yk
on generators of this algebra is defined by a certain weighted count ν(x; y1, . . . , yk) ∈ Q
of the 1-dimensional components of M(x; y1, . . . , yk), and is extended to products by the
graded Leibnitz rule. Then ∂2 = 0, and the contact homology HC∗(Y, α) is independent
of the generic choice of J and the choice of a non-degenerate α, and is an invariant of the
contact structure ξ.
At the chain level, (Aa, ∂) is a differential graded algebra, and the contact homology is an
algebra, not just a vector space. It is thus not surprising that one obtains a theory with deep
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algebraic structures if one takes into account all J-holomorphic curves, of finitely many
positive and finitely many negative punctures, that possibly have genus, cf. Figure 8.3.
The resulting homology is called the full SFT of (Y, ξ).
8.2. Embedded contact homology. Embedded contact homology is a version of SFT
for three dimensional contact manifolds, whose power comes from its relation to Seiberg–
Witten theory. We sketch its construction, and give a few of its many applications to
symplectic geometry and dynamics in low dimensions.
Outline of the construction. Embedded contact homology can be constructed for any
closed 3-manifold with a contact form, but for simplicity we here only look at the sphere S3
with a contact form α whose kernel is the standard contact structure ξ0 from Example 5.1.
In other words, we look at the boundary of a starshaped domain U ⊂ R4 with contact
form λ0|∂U . We also assume that α is non-degenerate. As generators of the chain complex
ECC∗(S
3, α) one takes orbit sets, namely finite collections Ξ = {(xi, mi)}, mi ∈ N, where
the xi are distinct simple closed Reeb orbits on S
3, and mi indicates the multiplicity of xi.
One also requires that the (xi, mi) are “good”, which this time means that mi = 1 in case
that the eigenvalues of the linearized return map dϕTiα : ξxi(0) → ξxi(Ti) are real.
Take an almost complex structure on the symplectisation S3 × R as in Section 8.1.
The boundary operator is now defined by counting possibly disconnected J-holomorphic
curves in S3 ×R with ends asymptotic to orbit sets Ξ and Ξj . The coefficient ν(Ξ,Ξj) of
∂Ξ =
∑
j ν(Ξ,Ξj) Ξj counts mod 2 the 1-dimensional components of R-families of curves
as indicated in Figure 8.3: There is exactly one “main curve”, that is embedded (whence
the name), may have genus and is not an s-invariant cylinder, and besides that there
can be finitely many s-invariant cylinders that may be multiply covered. The index of a
generator Ξ is also different to the one in other Floer homologies and much subtler a story.
The resulting homology is called the embedded contact homology ECH∗(S
3, α). It turns
out to be independent of α,
(8.3) ECH∗(S
3, α) =
 Z2 if ∗ > 0 is even,0 otherwise.
There are several reasons why ECH can be constructed and computed, while the full
SFT is not yet fully established and much harder to compute. One reason is that in ECH
the symplectic manifold is four-dimensional. In this dimension, J-holomorphic curves can
be better understood than in higher dimensions, for instance because of “positivity of
intersections”, which says that in a symplectic four-manifold two different J-holomorphic
curves intersect positively at every intersection point. Further, transversality in ECH is
easier to achieve than in SFT, because the main curve is embedded.
But the most important difference between ECH and the Floer homologies we have seen
earlier is its tight relation to a gauge-theoretic homology. In fact, most choices in the
construction of ECH are made in such a way that this relation exists, and this relation
is key for establishing most properties of ECH: The gauge-theoretic Seiberg–Witten equa-
tions can be written down in both dimension three and four, hence for S3 and S3 × R.
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Figure 8.3. Curves used in the construction of ECH∗
The Seiberg–Witten–Floer homology SWF(S3, ξ0) is a Floer homology in which the gen-
erators are solutions of the Seiberg–Witten equations on S3 and the connecting orbits
(defining the boundary operator) are solutions of the Seiberg–Witten equations on S3×R.
Taubes proved in [183] that SWF∗(S
3, ξ0) is isomorphic to ECH∗(S
3, α). This implies that
ECH∗(S
3, α) does not depend on the choice of the almost complex structure used in its
construction, nor on the choice of the contact form α for ξ0, and computing SWF∗(S
3, ξ0)
one finds (8.3). The basic idea of Taubes’ proof is as follows: A solution to the SW-equation
is a pair (A,ψ), where A is a connection and ψ is a section of a spinor bundle over S3.
Deforming the SW-equation along dα one obtains a sequence of solutions whose spinor
components are close to zero only on a set that approximates more and more a collection
of periodic Reeb orbits. From this one constructs a map of chain complexes that descends
to an isomorphism in homology.
ECH capacities. Let U be a bounded domain in R4 that is starshaped with respect to
the origin and has smooth boundary ∂U . We also assume that the restriction of λ0 to ∂U is
non-degenerate. The homology ECH∗(∂U) = ECH∗(∂U, λ0|∂U) comes with a filtration by
action, where the action of a generator Ξ = {(xi, mi)} is defined by A(Ξ) =
∑
imi
∫
xi
λ0.
The inclusion ECCa∗(∂U)→ ECC∗(∂U) of the complex generated by those Ξ with A(Ξ) 6 a
descends to maps ιa∗ in homology. Let γk be the generator of ECH2k(∂U)
∼= Z2 and similar
to (6.11) define
(8.4) ck(U) = inf {a | γk ∈ im ι
a
2k} .
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In words, the k-th ECH capacity of U is the smallest a such that the generator γk of
ECH2k(∂U) can be represented by a sum of orbit sets {(xi, mi)} with
∑
imi
∫
xi
λ0 6 a.
For arbitrary starshaped domains with possibly non-smooth boundaries (such as polydiscs),
these capacities are defined by approximation.
The numbers ck(U) are monotone increasing,
0 = c0(U) 6 c1(U) 6 c2(U) 6 . . .
Moreover, they are monotone in the sense that ck(U) 6 ck(V ) if there exists a symplectic
embedding ϕ : U → V , since then there are natural maps ECHa∗(∂V ) → ECH
a
∗(ϕ(∂U))
with properties similar to the transfer maps in symplectic homology.
Example 8.3. Let U be an ellipsoid E(a, b) with a/b irrational. Then the only embedded
closed characteristics on ∂U are the oriented circles xa = {z2 = 0} and xb = {z1 = 0}. A
generator of the ECH chain complex has the form (xa, m) ∪ (xb, n) with m,n ∈ N>0. Its
action is am+bn. It turns out that every generator has even index, hence the differential ∂
vanishes identically. Further, in each degree there is exactly one generator (this yields
another proof of (8.3), since ECH∗(∂U) does not depend on the starshaped domain U) and
the index is monotone with respect to the action. It follows that
(8.5) ck(E(a, b)) = Nk(a, b),
where (Nk(a, b))k>0 is the sequence of numbers formed by arranging all the linear combi-
nations ma + nb with m,n > 0 in nondecreasing order (with repetitions). For rational
ellipsoids, the identity (8.5) now follows from the monotonicity of the capacities and by
taking inner and outer approximations by irrational ellipsoids.
Application 1: Symplectic embedding obstructions for domains in R4
Since c1(B
4(a)) = a and c1(E(b1, b2)) = b1 whenever b1 6 b2, the monotonicity of c1 implies
another proof of the Nonsqueezing Theorem 5.5. But ECH capacities have much finer
applications to symplectic embedding problems. Consider for instance the question of
when E(a1, a2) symplectically embeds into E(b1, b2). ECH capacities provide a complete
set of invariants for this problem:
Theorem 8.4. There exists a symplectic embedding E(a1, a2) → E(b1, b2) if and only if
Nk(a1, a2) 6 Nk(b1, b2) for all k > 1.
Application 2: Hamiltonian and contact closing lemmas
For this application we need the extension of ECH capacities to Liouville domains (W,ω).
Like the numbers ck(U) defined in (8.4), the numbers ck(W ) belong to the multispectrum
multispec(W ), namely to the set of finite sums of actions of closed Reeb orbits on ∂W . It
is remarkable that from the capacities ck(W ) one can recover the volume of the domainW .
Indeed, it has been proved in [56] that
(8.6) lim
k→∞
(ck(W ))
2
k
= 4Vol(W ) = 2
∫
W
ω ∧ ω.
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Theorem 8.5 (C∞ Closing Lemma for geodesic flows on surfaces). Let Σ be a
closed surface with Riemannian metric g. Then for any open set U ⊂ Σ and any ε > 0
there exists a smooth function f : Σ → R with f − 1 supported in U and dC∞(f, 1) < ε
such that for the conformal Riemannian metric fg there exists a closed geodesic passing
through U .
In the theorem, the distance is defined by
dC∞(f, g) =
∞∑
k=0
2−k
‖f − g‖Ck
1 + ‖f − g‖Ck
.
Idea of the proof. Consider the co-disc bundle D∗(Σ, g) = {(q, p) ∈ T ∗Σ | ‖p‖g 6 1} with
the usual symplectic form dλcan. The multi-spectrum of this Liouville domain is the set of
sums of lengths of closed geodesics, and by formula (8.6)
(8.7) lim
k→∞
(
ck(D
∗(Σ, g))
)2
k
= 4πVol(Σ, g).
Now choose a smooth function h : Σ → R>0 that does not vanish identically but is sup-
ported in U , and such that dC∞(h, 0) 6 ε. For the metrics gt := (1 + th)g, the function
t 7→ Vol(Σ, gt) is then strictly increasing. We claim that there exists t ∈ [0, 1] such that
for gt there exists a closed geodesic passing through U . If not, the metrics gt all have the
same closed geodesics and hence the same multispectrum σ ⊂ R. Since ECH capacities
depend continuously on t and since σ has zero Lebesgue measure, ck(D
∗(Σ, gt)) does not
depend on t, for each k. Hence (8.7) shows that Vol(Σ, gt) does not depend on t, which is
not true. ✷
Theorem 8.5 implies that for a C∞-generic subset of the space of Riemannian metrics
on a closed surface Σ, the set of closed geodesics is dense in Σ.
A similar closing result holds for Reeb flows on a closed contact 3-manifold. Combining
this result with a suspension construction, one obtains
Theorem 8.6. Let Σ be a closed oriented surface with an area form ω, and let ϕ be a
Hamiltonian diffeomorphism of Σ. Then for any non-empty open set U ⊂ Σ there exists
a sequence of Hamiltonian diffeomorphisms (ϕj) that converges to ϕ in the C
∞ topology
such that every ϕj has a periodic point in U .
If follows that for a closed surface Σ with area form ω, the group Ham(Σ, ω) contains a
C∞-generic subset of diffeomorphisms with dense set of periodic points.
Corollary 8.7 (C∞ Hamiltonian closing lemma for surfaces). For every point p ∈ Σ
and every ϕ ∈ Ham(Σ, ω) there exists a sequence (Φj) ⊂ Ham(Σ, ω) that converges to ϕ in
the C∞ topology and such that p is a periodic point of every Φj.
Proof. By Theorem 8.6 we find a sequence (ϕj) ⊂ Ham(Σ, ω) with periodic points pj such
that ϕj → ϕ in the C
∞ topology and pj → p in Σ. It is easy to construct Hamiltonian
diffeomorphisms τj with τj(p) = pj and such that τj → id and τ
−1
j → id in C
∞. Then
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τ−1j ◦ ϕj ◦ τj → ϕ, and if ϕ
ℓj
j (pj) = pj, then Φ
ℓj
j (p) = p. ✷
For the C1 topology, Corollary 8.7 is the famous Hamiltonian C1 closing lemma of
Pugh and Robinson [161], that holds in arbitrary dimension. Corollary 8.7 answers the
Hamiltonian case of Problem 10 in Smale’s list [182] for surfaces and the C∞ topology.
Historical notes and bibliography
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Theorem 8.1 (ii) on the fundamental group of the components of the space of contact
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Bourgeois showed in [30] that for any closed 2n-dimensional manifold Q with H1(Q;Z) 6= 0
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Other applications of cylindrical contact homology are a contact version of the non-
squeezing theorem [67, 85], and proofs of cases of the Weinstein conjecture and of versions
of the Conley conjecture for Reeb flows, see the survey [94]. Rational SFT (namely SFT
where all J-curves are punctured spheres) is used in [66] and [48] to find obstructions
to the existence of Lagrangian submanifolds in symplectic manifolds that contain many
holomorphic spheres (like complex projective space). The full SFT package has also found
applications to questions in contact topology, see [127].
In the same way as Lagrangian Floer homology is a relative version of Hamiltonian Floer
homology, there are contact homologies for Legendrian submanifolds, see for instance [60].
Chekanov and Eliashberg used them to distinguish Legendrian knots with the same “clas-
sical” invariants [38]. They also give rise to very fine invariants of smooth knots in R3,
see [40, 61, 148].
Embedded contact homology is due to Hutchings. His lectures [115] also contain
a comparison of ECH and SFT. Theorem 8.4 was first proved by McDuff [135]. Her
proof does not explicitely use ECH capacities, but is inspired by their properties, and
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the proof using ECH capacities is shorter [114]. For many other applications of ECH
capacities to symplectic embedding problems see the original [113] and Section 12 of [170].
The two surveys [46, 170] describe motivations and applications of symplectic embedding
problems to questions outside of symplectic geometry. Theorem 8.5 is due to Irie [119] and
Theorem 8.6 with its Corollary 8.7 to Asaoka and Irie [23].
The embedded contact homology ECH∗(Y, α) of a closed 3-dimensional contact man-
ifold (Y, α) is constructed along the same lines as in the special case of a contact form
on S3 outlined above, and Taubes proved in [183] that ECH∗(Y, α) is isomorphic to the
Seiberg–Witten–Floer homology SWF∗(Y, ξ), where ξ = kerα. Kronheimer–Mrowka [125]
showed that SWF∗(Y, ξ) is non-zero in infinitely many degrees. Since ECH∗(Y, α) is gen-
erated by closed Reeb orbits and the empty set, there must exist at least one closed Reeb
orbit (otherwise, ECH∗(Y, α) would vanish in all degrees 6= 0). This proves the general
Weinstein conjecture in dimension 3. For a survey on Taubes’ proof see [112].
The previous result can be improved by using ECH, see [57]: Every Reeb flow on a closed
contact 3-manifold has at least two simple periodic orbits. Take, for instance, a contact
form α on (S3, ξ0). By the proof of the Weinstein conjecture there exists a simple periodic
Reeb orbit x. Let T = A(x) be its period, and let U ⊂ R4 be the starshaped domain with
(∂U, λ0|∂U) ∼= (S
3, α). If x is the only simple periodic Reeb orbit, then the definition (8.4)
shows that ck(U) = nkT for a strictly increasing sequence of natural numbers nk. In
particular, nk > k, and so
lim
k→∞
(c2k(U))
2
k
> lim
k→∞
k2T 2
k
= ∞,
in contradiction to (8.6). Taking the boundary of an irrational ellipsoid E(a, b) we see that
the above result result is sometimes optimal. Is it true that every Reeb flow on a closed
contact 3-manifold has either two or infinitely many simple periodic orbits, and that the
first possibility can happen only on S3 and on lens spaces? Partial affirmative answers to
this question are given in [55, 107, 116].
Recall from Section 5 that Arnol’d conjectured that every Legendrian knot in R3 with
the standard contact structure ξst = ker(dz + xdy) has a Reeb chord, for every contact
form for ξst. Since ξst on R
3 is contactomorphic to the contact structure ξ0 = ker λ0 on S
3
without one point, this conjecture follows from the analogous conjecture for (S3, ξ0), which
was proved by Mohnke [145]. Hutchings and Taubes [117, 118] proved the Arnol’d chord
conjecture for all closed contact 3-manifolds: Every Legendrian knot in a closed contact
3-manifold (Y, ξ) has a Reeb chord, for any contact form for ξ. The proof uses again
properties of the Floer homologies SWF∗(Y, ξ) ∼= ECH∗(Y, α).
9. Applications to topology
The classical applications of Floer homology are to Hamiltonian dynamics and symplectic
geometry. But Floer theory is rather a concept than a collection of theorems. It is thus
not surprising that Floer homology found applications in many other fields. We have
already seen a topological application of Lagrangian Floer homology in cotangent bundles
(Corollary 7.4), and as mentioned in the notes to the previous section Legendrian contact
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homology gives rise to powerful knot invariants. In this section we describe a few topological
applications of other Floer homologies.
Already Floer [71] associated to every 3-dimensional oriented integral homology sphere Y
its “instanton Floer homology” I∗(Y ) by looking at the Chern–Simons functional on the
space of SU(2) connections on Y . The critical points are connections with vanishing curva-
ture (modulo gauge), and the gradient flow lines are solutions of the anti-self-dual Yang–
Mills equation on Y ×R. These groups have been later defined for all closed 3-manifolds.
They are important also in the study of 4-manifolds, since the relative Donaldson invari-
ants of 4-manifolds with boundary take values in instanton Floer homology. Since Floer’s
pioneering work, many other Floer homologies have been associated to 3-manifolds. Each
of these Floer homologies has a gauge theoretic and a symplectic version, that are (at
least conjecturally) isomorphic. For instance, take a closed 3-manifold Y and choose a
Heegard decomposition Y = U0 ∪Σ U1, where Σ ⊂ Y is a closed surface and the Uj are
handle bodies. The space of SU(2) flat connections M(Σ) is a symplectic manifold, and
those flat connections on Σ that extend to Uj form a Lagrangian submanifold Lj in M(Σ).
According to the Atiyah–Floer conjecture, the instanton homology I∗(Y ) is isomorphic to
the Lagrangian Floer homology HF∗(M(Σ), L0, L1), and this has been proved for mapping
tori in [59]. Similarly, the gauge-theoretic Seiberg–Witten–Floer homology SWF(Y, ξ) is
isomorphic to the embedded contact homology ECH(Y, α), cf. §8.2. The isomorphisms
between the gauge-theoretic and the symplectic versions make these Floer homologies very
powerful, since insights on one side can be transferred to the other side; they have many
applications to low dimensional topology. And recently, Manolescu [133] gave a spectacular
application to higher dimensions, disproving the triangulation conjecture. His survey [132]
gives an excellent description of the Floer homologies for 3-manifolds and of their topolog-
ical applications. We therefore simply state a few results, that give an idea which kind of
topological applications Floer homologies have.
Let k ⊂ S3 be a knot. Remove a tubular neighbourhood ν(k) ∼= S1 × D2 from S3. A
longitude is a simple closed curve λ on the 2-torus ∂ν(k) that is contractible in S3 \ ν(k),
and a meridian is a simple closed curve µ ⊂ ∂ν(k) that is contractible in ν(k). Both curves
are unique up to isotopy in ∂ν(k). Now take relatively prime integers p, q, and glue back the
solid torus S1×D2 along its boundary to ∂ν(k) in such a way that the meridian {1}×S1 ⊂
T 2 is taken to a simple closed curve in the homology class p[µ] + q[λ] ∈ H1(∂ν(k)). The
resulting oriented 3-manifold
S3p/q(k) = S
3 \ (ν(k)) ∪∂ν(k) (S
1 ×D2)
is called the Dehn surgery of S3 on k with slope p/q.
By a classical result of Lickorish and Wallace, every closed connected orientable 3-
manifold can be obtained by Dehn surgery on a collection of disjoint knots in S3. An
important problem in 3-manifold topology is thus to understand which manifold can be
obtained by Dehn surgery of S3 on which knot with which slope. Let k0 be the unknot.
Theorem 9.1. (Property P for knots [124]) If k 6= k0, then π1(S
3
p/q(k)) 6= 0 for all
p, q
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This theorem shows that at least by Dehn surgery on a single knot one cannot produce
a counterexample to the 3-dimensional Poincare´ conjecture. This conclusion is now su-
perseded by Perelman’s proof of the 3-dimensional Poincare´ conjecture, which also implies
Theorem 9.1 since Dehn surgery on a non-trivial knot can never yield S3.
Theorem 9.2. ([126]) Let k ⊂ S3 be a knot. If there is an orientation preserving diffeo-
morphism S3p/q(k)→ S
3
p/q(k0) for some p/q ∈ Q, then k = k0.
It is well known that S3p/q(k0) = S
1 × S2 if p = 0 and that S3p/q(k0) is the Lens space
L(p, q) if p > 0. Since the lens space L(2, q) is RP3 for all odd q, Theorem 9.2 thus implies
that RP3 cannot be obtained by Dehn surgery on a non-trivial knot.
The next result shows that an oriented closed 3-manifold can be obtained by at most
two different Dehn surgeries on the same knot.
Theorem 9.3. ([201, 149]) Let k ⊂ S3 be a knot. If there is an orientation preserving
diffeomorphism S3p/q(k) → S
3
p′/q′(k) for p/q 6= p
′/q′, then p/q = −p′/q′ and q2 ≡ −1
(mod p).
Recall that an n-dimensional compact topological manifold is a compact Hausdorff space
that is locally homeomorphic toRn. A triangulation of a compact topological manifoldX is
a homeomorphism X → K to a finite simplicial complex K. Kneser asked in 1924 whether
every compact topological manifold admits a triangulation. This is so in dimension n 6 3
and also for compact smooth manifolds of arbitrary dimension. On the other hand, Casson
showed that there are 4-dimensional compact topological manifolds without triangulation.
This is also the case in higher dimensions:
Theorem 9.4. ([132]) For every n > 5 there exist compact n-dimensional topological
manifolds that do not admit a triangulation.
It was known that the triangulation problem in dimension > 5 is equivalent to a problem
in dimensions 3 and 4, and it was this problem that Manolescu solved by means of a Floer
theory.
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